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Abstract 



This thesis is dedicated to the study of the existence of homogeneous Einstein 
metrics on the total space of homogeneous fibrations such that the fibers are to- 
tally geodesic manifolds. We obtain the Ricci curvature of an invariant metric 
with totally geodesic fibers and some necessary conditions for the existence of 
Einstein metrics with totally geodesic fibers in terms of Casimir operators. Some 
particular cases are studied, for instance, for normal base or fiber, symmetric 
fiber, Einstein base or fiber, for which the Einstein equations are manageable. 
We investigate the existence of such Einstein metrics for invariant bisymmctric 
fibrations of maximal rank, i.e., when both the base and the fiber arc symmet- 
ric spaces and the base is an isotropy irreducible space of maximal rank. We 
find this way new Einstein metrics. For such spaces we describe explicitly the 
isotropy representation in terms subsets of roots and compute the eigenvalues 
of the Casimir operators of the fiber along the horizontal direction. Results for 
compact simply connected 4-symmetric spaces of maximal rank follow from this. 
Also, new invariant Einstein metrics are found on Kowalski n-symmetric spaces. 
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Introduction 



The principal topic of study in this thesis is the existence of Einstein invariant 
metrics on the total space of homogeneous Riemannian fibrations such that the 
fibers are totally geodesic submanifolds. In chapter 1 we introduce some main 
definitions and notation and deduce some essential formulas for the Ricci cur- 
vature of an invariant metric. Then we consider a fibration G/L — > G/K such 
that G is a compact connected semisimple Lie group G, and L ^ K ^ G arc 
connected closed non-trivial subgroups of G. We assume that G/L has simple 
spectrum. On the total space G/L, we consider a G-invariant Riemannian metric 
such that the natural projection G/L — > G/K is a Riemannian submersion and 
the fibers arc totally geodesic submanifolds. We shall briefly call such a metric an 
Einstein adapted metric. We describe the Ricci curvature of any adapted metric 
in terms of Casimir operators and obtain two necessary conditions for existence 
of an Einstein adapted metric expressed only in terms of the Casimir operators 
of the horizontal and vertical directions. These will provide a tool to show that 
in many cases such a metric cannot exist without further study, i.e., only by 
studying eigenvalues of certain Casimir operators. 

In chapter 2 we restrict the object of study to some special cases, where the 
Einstein equations are simpler. We consider the cases where the metric on the 
fiber or on the base is a multiple of the Killing form of G, in which cases are 
included those with isotropy irreducible fiber or base. The case when both these 
two conditions are satisfied gives rise to the study of the, throughout called, 
Einstein binormal metrics. The existence of Einstein binormal metrics translates 
into very simple algebraic conditions which shall allow us to find out new Einstein 
metrics. Also we obtain necessary conditions for existence of an Einstein adapted 
metric such that the metric on the base space or the metric on the fiber are also 
Einstein. Finally, we apply the results obtained so far to the case when the fiber 
is a symmetric space and N is isotropy irreducible. 

Chapter 3 is devoted to bisymmetric fibrations of maximal rank, i.e., we consider 
a fibration G/ L ^ G/ K, as in chapter 1, such that L is a subgroup of maximal 
rank, K/L is a symmetric space and G/L is an isotropy irreducible symmetric 
space. We introduce the notion of a bisymmetric triple (g, fi, [) associated to a 
bisymmetric fibration. We obtain all the bisymmetric triples (g, t, () in the case 



when g is a simple Lie algebra and classify them into two different types, I and II. 
We classify all the Einstein adapted metrics when g is an exceptional Lie algebra, 
for both Type I and II. When g is a classical Lie algebra, we classify all the 
Einstein adapted metrics for Type I. For Type II in the classical case, we classify 
all Einstein binormal metrics and all Einstein adapted metrics whose restriction to 
the fiber is also Einstein; moreover, if one of these metrics exists we obtain all the 
other Einstein adapted metrics. Finally, we apply the results obtained to compact 
simply-connected irreducible 4-symmetric spaces. In appendix A we obtain all 
the necessary eigenvalues for the Einstein equations for each bisymmetric triple 
considered in this chapter. 

In chapter 4 we study the existence of Einstein adapted metrics on the Kowalski 
n-symmetric spaces, i.e., we consider a fibration 

ApGq X A'^Gq Gl Gl 

A'^Go ' ^ AfGo ^ A^Go' 

where Gq is compact connected simple Lie group and A'^Gq is the diagonal 
subgroup in G^, for m — p,q,n. It is known that ^„°q^ is a standard Einstein 
manifold and we prove that, for n > 4, there exists another Einstein adapted 
metric, whereas, for n — A, the standard metric is the only Einstein adapted 
metric. 
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CHAPTER 1 



In Section 1 we introduce some essential definitions and notation. We deduce a 
formula for the Ricci curvature of an invariant metric on a reductive homogeneous 
space. In Section 2 we obtain the Ricci curvature of an invariant metric with 
totally geodesic fibers on the total space of a homogeneous fibration and some 
necessary conditions for that metric to be Einstein. 

1.1 The Ricci Curvature of a Riemannian Ho- 
mogeneous Space 

A Riemannian metric g is said to be Einstein if its Ricci curvature satisfies an 
equation of the form Ric = Eg, for some constant E, the Einstein constant of 
g ([lOj). This equation, commonly called the Einstein equation, is in general 
a very complicated system of partial differential equations of second order. Al- 
though so far no fully general results are known for existence of Einstein metrics, 
many results of existence and classification are known for many classes of spaces. 
Two examples of this are the Kahler- Einstein metrics ([H], [5], [30], [13]) and 
the Sasakian- Einstein metrics ([H]). Many results are known on homogeneous 
Einstein metrics. For Riemannian homogeneous spaces the Einstein equation 
translates into a system of algebraic equations, which is an easier problem than 
its general version. However, even for this class of spaces we are far from knowing 
full answers. Einstein normal homogeneous manifolds were classified by Wang 
and Ziller ([44j). Nowadays, it is known that every compact simply connected 
homogeneous manifold with dimension less or equal to 11 admits a homogeneous 
Einstein metric: any such manifold with dimension 2 or 3 has constant sectional 
curvature [10]; in dimension 4, the result was shown by Jensen ([H]), and by Alek- 
seevsky, Dotti and Ferraris in dimension 5 ([!]); in dimension 6, the result is due 
to Nikonorov and Rodionov ([31]), and in dimension 7 it is due to Castellani, Ro- 
mans and Warner ([Hj). All the 7-dimensional homogeneous Einstein manifolds 
(|29j) were obtained by Nikonorov. These results were extended to dimension 
up to 11 by Bohm and Kerr ([l2]). Many examples of homogeneous Einstein 
manifolds with dimension arbitrary big are known. Spheres and projective spaces 
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are examples of this, where all homogeneous Einstein metrics were classified by 
Ziller ([SI]). Also isotropy irreducible spaces ([Hj), symmetric spaces (p!6].[22]). 
flag manifolds, among many others, provide examples of Einstein manifolds with 
arbitrary big dimension. Einstein homogeneous fibrations have also been the ob- 
ject of study. We recall the work of Jensen on principal fibers bundles ([19j), 
where new invariant Einstein metrics are found on the total space of certain ho- 
mogeneous fibrations, and the work of Wang and Ziller on principal torus bundles 
j). Einstein homogeneous fibrations are the main focus of this thesis. 



Let G be a Lie group and L a closed subgroup. We denote by g and [ the Lie 
algebras of G and L, respectively. The homogeneous space M = G/L is the space 
of all cosets {aL : a G G} endowed with the unique differentiable structure such 
that the canonical projection 

G ^ M 

a ^ aL 

is a submersion, i.e., diia is onto for all a ^ G, and with the natural transitive left 
action of G, 

t: Gx M ^ M 

{b,aL) ^ {ba)L ^ ^ 

Let X G g and let exptX be the one-parameter subgroup generated by X. For 
every a E G, 

dTCa{X) = ^{exptX)aL \t=o (1.3) 
and, in particular, for o = 7r(e) = L, this map yields an isomorphism 

dTTe : 5/1 = ToM. (1.4) 
For every X G we define a G-invariant vector field on M by 

X:^ = dn^iX) = j^{exptX)gL . (1.5) 

The homogeneous space M is called reductive if there exists a direct complement 
m of [ in g which is Ac? L- invariant, i.e., 

Q = I® m and Ad L{m) C m. (1.6) 
The inclusion AdL{m) C m implies 

[[,m]cm (1.7) 
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and the converse holds if L is connected. The homogeneous space M is reductive 
if L is compact. Throughout, we suppose that L is compact and we denote by m 
a reductive complement of I on g. If M is reductive we have an isomorphism 



and the tangent space TqM is identified with m and consequently the vector field 
X* on M is identified with X G m. Under this identification we shall simply 
write X for X*. Furthermore, the isotropy representation of M, 

Ad^^ : L GL{ToM), 

is equivalent to the adjoint representation of L on m. Consequently, there is a one- 
to-one correspondence between G-invariant objects on M and Ad L-invariant ob- 
jects on m. In particular, G-invariant metrics on M correspond to Ad L-invariant 
scalar products on m. More precisely, a metric on M is said to be G-invariant 
if, for every a G G, 

'^ad = 9 

and the correspondence between G-invariant metrics on M and Ad L-scalar prod- 
ucts on m is given 

g,{X:, Y:) =< X, Y >, for all a G G. (1.8) 



Let Kill be the Killing form of q. We recall that Kill is the bilinear form on q 
defined by 

Kill{X, Y) = triadxady), X,Y e Q (1.9) 
where, for each X G g, adx denotes the adjoint map 

Y ^ [X,Y] ■ ^ ^' 

The Killing form of Q is an Ad G-invariant bilinear form and it is non-degenerate 
if g is semisimple. Moreover, if G is a compact connected semisimple Lie group. 
Kill is negative definite. In this case, by (11.81) . the negative of the Killing form 
induces a G-invariant metric on M, the standard Riemannian metric on M. 

With respect to the decomposition g = [ © m, we write 

c^dx ~ ( ^ j ' every X G m. (l-H) 



Hence, for F G m, 



(adxY)^ = PxY and (a4r)^ = (BxCx + Px)Y, (1.12) 
where the subscript m denotes the projection onto m. 

Let (^Af be a G-invariant metric on M. As was explained above, there is a one-to- 
one correspondence between G-invariant metrics on M and Ad L-invariant scalar 
products on m. So let <,> be the Ac? L- invariant scalar product on m corre- 
sponding to Qm- 

For every X G m, let Tx be the endomorphism of m defined by 

< TxY, Z >=< X, PyZ >, for every Y, Z e m. (1.13) 
The Nomizu operator of the scalar product <, > (cf. [28], [25]) is 

Lx G End{m), X e Q, 

defined by 

LxY = -VyX*, Y em (1.14) 
where V is the Riemannian connection of qm- We have 

LxY = ^PxY + U{X,Y), (1.15) 
where U :mxm^misthe operator 

U{X, Y) = -\{TxY + TyX), X, F G m. (1.16) 

The metric qm is called naturally reductive if f/ = 0. The curvature tensor, the 
sectional curvature and the Ricci curvature of qm are G-invariant tensors and 
thus they are determined by the following identities ([28]), which represent their 
values at the point a. By using L the curvature tensor of qm at a can be written 

as 

R{X, Y) = [Lx, LY]m - L[x,YU - (^d[x,Y]n (1.17) 

for every X, Y E m. The sectional curvature K of is defined by 

K{Z,X) =< R{Z,X)X,Z >, (1.18) 

for every X, Z E ra orthonormal with respect to <, >. The Ricci curvature oi qm 
is determined by 
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Ric{X, X) = J2 ^(Z^, X),X em (1.19) 

i 

where {Zi)i is an orthonormal basis of m with respect to <, >. The metric qm is 
said to be an Einstein metric if 

Ric = EgM, (1.20) 

for some constant E called the Einstein constant of qm- Equipped with a G- 
invariant Einstein metric, M is called an Einstein homogeneous manifold. 

Below we show some elementary properties of the Nomizu operator: 
Lemma 1.1. (i) Lx is skew- symmetric with respect to <,>, i.e., 

< LxY,Z > + <Y,LxZ >=0, X,Y,em; (1.21) 
(a) for every X,Y E m, 

LxY - LyX = [X, Y]m = PxY. (1.22) 
Proof: From identities (11.131) . (ll.lSp and (11.161) we deduce 

2 < LxY, Z>= < PxY, Z> - < TxY, Z> - < TyX, Z > 

= < TzX, Y> + < TxZ, r > - < PxZ, Y > = 
= -2 < y, LxZ > 

and this shows the skew-symmetry of Lx. To show (ii) we just observe that 
U{X,Y) = U{Y,X) and PxY = —PyX. Equivalently, this assertion just means 
that the Levi-Civita connection is torsion free since V x*Y* = LxY. 
□ 

For every X,Y E m, we define the operator 

RxY = LyX (1.23) 

and the vector 

Vx = LxX. (1.24) 

Lemma 1.2. For every X G m, 

Rx = -liPx + Px + Tx) and R*x = —{Px + P*x - Tx)- 
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Proof: Let X,Y, Z e m. 

2 < RxY, Z >= 2 < LyX, Z > 

= < [Y,XUZ > + <Y,[Z,XU> + < X,[Y,ZU> 

= - < PxY, Z> - < P*^Y, Z>- < TxY, Z > . 
Thus we obtain the required expression for Rx- The formula for R\ follows from 
the fact that Px + Px is symmetric and Tx is skew symmetric with respect to 
<,>. 

□ 

Lemma 1.3. The sectional curvature of qm is 

K{Z,X) =< {R*xRx - Px - PxPx - BxCx + Pv^)Z, Z >, 
for every Z, X ^ xn orthonormal with respect to <, >. 

Proof: Let Z, X G m. The proof is a straightforward calculation by using the 
identities (fTTTl) . ^M) and ([122]): 

K{Z,X)= < R{Z,X)X,Z > 

= < [Lz, Lx]raX, Z > - < Liz,xuX, Z > - < adiz,xhX, Z > 
= < LzLxX, Z>-< LxLzX, Z > - < Lx[Z, X]^, Z>- 

- < [[z,xuxuz> - < [[z,x]iXUz> 

= -< LxX, LzZ, > + < LzX, LxZ> + < [Z, X^ LxZ > - 

-<[[z,x],xuz> 

= -< LxX, LzZ, > + < LzX, LzX > + < LzX, [X, Z]^ > + 
+ < [Z, XU, LzX> + < [Z, xu [X, zu > - 

-<[x, [x,z]U,z> 

= -< LxX, LzZ, > + < LzX, LzX>-< [Z, XU [Z, X^ > - 
-<{PlZ)^,Z> 
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= < LzX, LzX>-< [X, ZU [X, Z]^>-< {P^ZU, Z > 
-<LzVx,Z> 

= < RxZ, RxZ >-< PxZ, PxZ>-< (Pi + BxCx)Z, Z > 

-<Lv^Z+[Z,VxUZ> 

= < {R\Rx - P*xPx - BxCx - P^)Z, Z> + <{Py^- Ly^)Z, Z > . 

Since Lx is skew-symmetric with respect to <, >, we have < Ly^Z, Z >= 0, for 
every Z E m, and we obtain 

K{Z, X) =< {R\Rx - P*xPx - BxCx - Pi + Pv^)Z, Z >, 

as required. 

□ 

Theorem 1.1. Let X,Y em. Then 

Ric{X, Y) = -Ur{2RxRY + BxCy + ByCx - 2Puix,Y))- 
In particular, 

Ric{X, X) = -tr{R\ + BxCx - Pvx)- 
Proof: We first compute Ric{X, X) and then obtain Ric{X, Y) by polarization. 
Since Tx is a skew-symmetric operator and Px + Px is symmetric, 

tr{{Px + P*x)Tx) = ~tr{Tx{Px + Px)) = tr{{Px + P*x)Tx) 
and thus all the terms vanish. Therefore, by using Lemma 11.21 we obtain 

tr{R*xRx) = \ {{Px + Px? - Tl) = \tr{2Pl + 2P*xPx - T^) 

and 

HR'x) = \{iPx + Pxf + Tl) = \tr{2Pl + 2P*^Px + Tl). 
Hence, tr{R\Rx - Pi - P^Px) = -tr{R\). 

Let us suppose that < X, X >= 1 and let {ej}j be an orthonormal basis for m 
with respect to <, > such that X = ci. Hence, we can apply Lemma [L3] to obtain 
the following: 
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mc{X,X)= J:^K{e„X) 

= < {R\Rx - P*xPx - BxCx - Pi + Pv^)ei, > 
= tr{R*^Rx - Pi - P^Px - BxCx + Pv^) 

= -tr{Rl + BxCx-Pv^). 

Since both Ric and the map X ^ tr{R\ + BxCx — Pvx) bihnear maps, the 
identity above holds even if X is not unit. Hence, for every X G m, 

Ric{X, X) = -tr{R\ + BxCx - Py^)- 
Now we compute Ric{X, Y). Since Ric is a symmetric bihnear operator we have 

2Ric{X, Y) = Ric{X + Y,X + Y)- Ric{X, X) - Ric{Y, Y). 

By using the expression above for Ric{X, X) we get 

2Ric{X, Y) = tr{-R\^y + R\ + Rl) + 

+ tr{-Bx+YCx+Y + BxCx + PyCy) + 

+ tr{Pv^^^ - Pv^ - Pvy). 
By bihnearity of L and property (ll.22p we obtain 

Vx+Y= Lx+y{X + Y) 

= LxX + LyY + LxY + LyX 

= Vx + Vy + 2LxY -[X,YU 
= Vx + Vy + 2LxY + PxY. 
Therefore, Pvx+y - Pvx - Pvy = P2LxY-PxY- 

Also the identity Bx+yCx+y = BxCx + ByCy + BxCy + ByCx implies that 

—Bx+yCx+Y + BxCx + ByCy = —BxCy — ByCx- 

Moreover, P^+y = + Ry + RxRy + RyRx and thus 

tr(-P^+y + Rx + Py) = -tr{RxRY + RyRx) = -tr{2RxRY). 
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Therefore, we obtain 

2RiciX, Y) = -tr{2RxRY + BxCy + ByCx) + HP^l^y-p^y) 

= -tr{2RxRY + BxCy + ByCx) + tr{P2uix,Y)). 

□ 

Corollary 1.1. Let X,Y em. 

Rtc{X, Y) = -hr{2P*xPY + TxTy) - \kiII{X, Y) + tr{Puix,Y))- 
Proof: By using Theorem 11.11 and Lemma 11.21 we write Ric as follows: 

Ric{X, Y) = Q(Px + Px + Tx){Py + Py + Ty) + BxCy + ByCx - 2Puix,Y) 

(1.25) 

Since Px + Px ^'^d Py + Py are symmetric linear maps and Tx and Ty are 
skew-symmetric, we have 

tr{{Px + Pl)Ty) = tr(Tx(Py + P^)) = 0. (1.26) 

Moreover, 

tr{PxPY) = tr{P*xP^)) and tr{P*M = HPxPy))- (1-27) 
We can use (11.111) to write Kill as follows: 

Kill{X, Y) = tr{adxadY) = tr{CxBY + BxCy + PxPy)- (1-28) 

Finally, by using (ll.26p . (11.271) and (11.281) we simplify (11.251) to obtain the expres- 
sion stated for Ric. 
□ 

Definition 1.1. A symmetric bilinear map (3 on m is said to he associative if 
j3{[u, v]m, w) = P{u, [v, w]m), for every u,v,w e m. 

Remark 1.1. If there exists on m an associative symmetric bilinear form such 
that (3 is non-degenerate, then tr{Pjj(^x,Y)) = 0, for all X,Y Exn. Indeed, if such 
a bilinear form exists, tr Pa = 0, for every a G m. Let {wi}i and {w-jj be bases 
of xn dual with respect to [3, i.e., [3{wi,w'j) = 5ij. Then, for every a G m, 

(3{PaWi,w[) = (3{[a,Wi]^,w[) 
= -(3{wi,[a,w'^,n) 



= -f3{PaW[,Wi). 
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Hence, tr{Pa) — 0. Also, if the metric qm on M is naturally reductive, then 

Pu{x,Y) — 0; for all X,Y since, in this case, U is identically zero. 

o 

Definition 1.2. Let U , V he Ad L-invariant vector subspaces of q. We define a 
bilinear map : m x m ^ M 6y 

Q7Y-tr{[X, [Y,-]v]u).X,Y em, 
where the subscripts U and V denote the projections onto U and V , respectively. 

Definition 1.3. Let U he an Ad L-invariant vector suhspace of q such that the 
restriction of Kill to U is non- degenerate. The Casimir operator ofU with respect 
to the Killing form of q is the operator 

Cu = ^ aduittdu'., 

i 

where and {u'^i are bases of U which are dual with respect to Kill, i.e., 

Kill{ui, u'j) = Sij. 

The Casimir operator Cu is an Ad L-invariant linear map and thus it is scalar on 
any irreducible AdL-module. In particular, if q is simple, then Cg — Idg. 

Lemma 1.4. Suppose that g is semisimple. Let U, V he Ad L-invariant vector 
suhspaces of g such that the restrictions of the Killing form to U and V are both 
non degenerate. 

(i) Q^^ is an Ad L-invariant symmetric bilinear map. Hence, if W d Q is any 
irreducible Ad L-submodule, then Q^^ \wxw is a multiple of Kill \wxw- 

Proof: Since g is a semisimple Lie algebra its Killing form is non-degenerate. As 
in addition Kill \uxu and Kill \vxv a-re non-degenerate, we may consider the 
orthogonal complements C/-*- and V-^ of U and V, respectively, in q with respect 
to Kill. It follows that 

Kill |!7xfl= Kill{-,pu-) Ic/xfl 

and 

Kill |yx0= Kill{-,pv) Ivxg, 
where pu and pv are the projections onto U and V, respectively. 
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Also, we may consider bases {wi}i and {w'j}i of U which are dual with respect to 
Kill. By using these facts we have the following: 

(i) Let X,Y era and g e L. 

Kill{[X, [Y, Wi]v]u, w'^ = Kill{[X, [Y, Wi]v],w'i) 

= -Kill{[Y,Wi]v,[X,w'^) 

= -KUl{[Y,Wi],[X,w'i\v) 

= Kill{wi,[Y,[X,w'^v]) 

= KUl{w,,[Y,[X,w'^v]u)- 
Therefore, tr{[X, [Y, -jyju) = tr{[Y, [X, -jvju) and thus Q^^ = Q^\. So is 
symmetric. 

To show the Ac? L-invariance of Q^^ we note that since V and V-^ are AdL- 
invariant subspaces and Q = V ® V-^, the projections on V and V-^ are also 
Ad L-invariant linear maps. 



Kill{[AdgX, [AdgY, Wi]v]u, O = Kill{[AdgX, [AdgY, Wi]v],w'^ 

= Kill{Adg-i[AdgX, [AdgY,Wi\v], Adg-iw'^ 

= Kill{[X, Adg-i [AdgY, Wi]v], Adg-iw'^) 

= Kill{[X,[Y,Adg-iWi]v],Adg-iw'i} 

= Kill{[X, [F, Adg-iWi]v]u, Adg-iiv'^). 

If {wi}i and {w'^}i are dual bases of U with respect to Kill, then {Adg-iWi}i and 
{Adg-iw'j}i are still dual bases as well since the Killing form is invariant under 
inner automorphisms. So by the above we conclude that 

tri[AdgX, [AdgY, .]v]u) = tr{[X, [Y, .]v]u) 

and thus is Ad L-invariant. 

(ii) For Z e m, let Az — {adz \u)v ^^'^ — {adz \v)u- ^.sive 

= tr{AxBY) = tr{BYAx) = Q^^. 

Hence, by symmetry of Q^^, we conclude that Qxy — Qyx = Qxy: fo^^ every 

X,Y em. Therefore, Q^^ = Q^^ . 

□ 
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Since 



Lemma 1.5. Suppose that g is semisimple. Let U, V be Ad L -invariant vector 
subspaces of q such that the restrictions of the Killing form to U and V are both 
non-degenerate. For every X,Y & xn, 

(i) ifadxU dV or adyU C V, then Q^^ = Kill{CuX,Y) = Ktll{X,CuY); 

(ii) if adxV LU or adyV ± U, then = 0; 

(iv) if adxddyU U or adyadxU _L U, then Q^xy — 0- 

Proof: (i) Let Cu = ^ • ad^-ad^', be the Casimir operator of U. Since Q^^ = Q^^ 
it suffices to suppose that adyU C V. If adyU C V , then 

Q% = tr([X, [r, -Wu) = tr{adxady \u). 

Ktll{[X, [Y, w.^]u, w'^ = Ktll{[X, [Y, Wi]],w'^ 

= -Km{[Y,w,],[X,w'^) 

= Km{Y,[w,,[w'„X]]), 

we have Q% = ^^Kill{Y, [wi, [wl,X]]) = KiU{Y,CuX). By symmetry of Q^^ 
we also get Q^^ = Kill{X, CuY). 

(ii) If adxV ± t/, then, for every w,w' G f/, Kill{\X, \Y,w]v],w') = and thus 
QxY = 0, for every Y E m. By symmetry, the same conclusion holds if adyV ± U. 

(iii) If adxddyU ± U, then, for every w, w' G U, KiU{[X, [Y, w]],w') = and thus 
KiU{[X, [Y, w]v]u, w') = 0. Hence Q^X- = 0. If adyadxU ± U, then Q^^ = by 
symmetry. 

□ 



Remark 1.2. In Lemmas\1.4\ and \1.5\ the condition that q is semisimple may be 



replaced by requiring that there is on g a non- degenerate Ad L -invariant symmetric 
bilinear form (3, since in the proofs above the Killing form may be replaced by any 
such form [3. In this case, the orthogonality conditions in Lemma [Ql should be 
understood as conditions with respect to (3. 

Theorem 1.2. Let (3 be an associative Ad L -invariant non- degenerate symmetric 
bilinear form on m. Let m = mi © ... © vcim be a decomposition of m into AdL- 
invariant subspaces such that (3 |mjxmi= 0, if i ^ j- Let qm be the G-invariant 
pseudo-Riemannian metric on G/L induced by the scalar product of the form 

<,>=©"ll^^,/3|m,xm„ (1.29) 
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for Uj > 0, for every j = 1, . . . ,m. For every X G ma and Y G m;,, the Ricci 
curvature of qm is given as follows: 



j,k=i ^ ^ -^^ 

Proof: First we observe that the non- degeneracy of jS and the condition of pairwise 
orthogonahty of the m/s imply that /? Imjxmj is in fact non-degenerate. Let 
X e ma and Y e trife. By Corollarv ll.il we have 

Rtc{X, Y) = -^tr{2P*xPy + TxTy) - ]^Kill{X, Y) + tr(Pc/(x,y)). 
According to Remark I l.H we have tr{Pui^x,Y)) = 0. 

Let j = 1, . . . ,m and let {wi}i and {w'^}i be dual bases for nXj with respect to /?. 
We note that such bases exist as P Imjxmj is non-degenerate. 

< TxTyWi, W\ >= < X, [TyWi, w'^l^ > 

= UaP{X,[TyWi,w'i\) 

= -UaP{TyWi,[X,w'i\) 
= Er=l PiTyWi, [X, W'^raj 

= -^a Er=i < TyWi, [X, W'^m, > 
= Er=l — <Y, [Wi, [X, > 

^k 

= -l^a^b Er=l ;7/5([^' [X, W[]) 

T^k 

T^k 
1 



^k 
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Hence, 



tr^TxTy |m,) = ^aJ^b^ tr{[X, [Y, -Imjin,) = '^a^'b ^ Q 



'XY 

, ^ , , UUUa 

k=l ■' k=l 

and thus 



mjmk 



J,fc=l 

< PxPyWi, W'i >= < PyWi, Pxw'i > 

= Till < ^i]m,, W'^m, > 

= -TT=l^kP {w'i , [X, [Y, W^] ] ) 

= - Er=l ^ < «^i]mjm, > • 



Then 



k=l ^ k=l J 



tr{P*xPy U,) = - E -^^([^' = - E 

and thus we get 



triP*xPy) = -J2-Q 



m 

^k ^mjvak 

j,k=\ ■> 



By using Corollary II. II we finally obtain the required expression for Ric{X^Y). 
□ 

We recall that a metric gu is said to be normal if it is a multiple of an associative 
Ad L-invariant non-degenerate symmetric bilinear form on m. 

Corollary 1.2. If Qm is a normal metric, then Ric{mi,xnj) = 0, for all i ^ j. 
For every X E xrij, 

Ric{X,X) = -^KiU{X,X) - ^KiU{CiX,X), 

where C\ is the Casimir operator of I with respect to the Killing form. Further- 
more, if xu-j is irreducible, then 

Ric |mjXmj= 2 ^2 ~'~ ^ Kill ImjXrrij) 

where Cij is the eigenvalue of Ci on mj . 
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Proof: Let X G iTia and Y G mb. If gM is a normal metric, then there exists an 
^0? L-invariant non-degenerate symmetric bihnear form /3 on m which induces qm- 
Hence, in Theorem 11.21 we can take z/i = . . . = z/^ = 1 and obtain the following: 



mc{X, Y) = \ Y.l,=, Q^f - \KM{X, Y) 

= iQl'^-lKtlliX.Y) 

= \Q7Y-iQfY-lKm{x,Y) 

= \Q7Y-\QxY-\Km{x,Y) 

= \Kill{C,^X, Y) - \Kill{CiX, Y) - \Kill{X, Y) 

= -\Kill{X, Y) - \Kill{CiX, Y). 



Since C[(ma) C nXa, it is clear that Ric{X, F) = if a 7^ 6 and Ric is well 
determined by elements Ric{X,X) with X G iria. If vcij is irreducible, then Ci is 
scalar on m_,- and we obtain the identity given for Ric. 



The formula above for the Ricci curvature of a normal metric was first found by 
M.Y. Wang and W. Ziller in [H]. From Corollary 11.21 it is clear that a necessary 
and sufficient condition for a normal metric to be Einstein is that the Casimir 
operator of [ is scalar on the isotropy space m. For instance, this condition holds if 
m is irreducible. Simply connected non-strongly isotropy irreducible homogeneous 
spaces which admit a normal Einstein metric were classified by M.Y. Wang and W. 
Ziller in [H], when G is a compact connected simple group. Also, more generally, 
simply connected compact standard homogeneous manifolds were studied by E.D. 
Rodionov in [391. 



We obtain a similar formula to that of Corollary 11.21 in the case when the sub- 
modules nxi, . . . , mm pairwise commute. 

Corollary 1.3. //mi, . . . , m^ pairwise commute, i.e., [ma, m?,] = 0, for all a ^ h, 
then Riciycia, m?,) = 0, for all a ^ h. For every X G m^, 



where C\ is the Casimir operator of i with respect to the Killing form. Further- 
more, if xrij is irreducible, then 



□ 




Ric{X,X) = --Kill{X,X) - -Kill{CiX, X), 




where Cij is the eigenvalue of Ci on mj . 
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Proof: Let X G m.a and Y G m^. If mi,..., mm pairwise commute, then, by 
Lemma 11.51 we have Q'^^y'' ~ 0' every j, k ^ a,b. In particular, all these 
bilinear maps vanish if a 7^ 6. Hence, if a 7^ 6, Ric{X,Y) = —^Kill{X,Y) = 
0. Therefore, the Ricci curvature is well determined by elements of the form 
Ric{X,X), with X G m^, and 

mc{X,X) = - ^KUliX,X). 

Since Q^x^" ~ Qxx? ^^^^ proof is similar to the proof of Corollary 11.21 

□ 
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1.2 Homogeneous Riemannian Fibrations 



1.2.1 Notation and Hypothesis 

In this Section we obtain the Ricci curvature of an invariant metric with totally 
geodesic fibers on the total space of a homogeneous fibration. We start by settling 
once and for all the notation used throughout. 

Let G be a compact connected semisimple Lie group and L K <^ G connected 
closed non-trivial subgroups of G. We denote M = G/L, N = G/K and F = 
K/L. We consider the natural fibration 

with fiber F and structural group K. We denote by g, 6 and 1 the Lie algebras of 
G, K and L, respectively. By Kill we denote the Killing form of G and we set 
B = —Kill. Also, we denote the Killing forms of K and L by Kill^ and Kill[, 
respectively. As G is compact and semisimple, the Killing form of G is negative 
definite and thus B is positive definite. We consider an orthogonal decomposition 
of g with respect to B given by 

= l©p©n, (L31) 

m 

where t = [ © p. Clearly, g=[©m, = t©n and ! = [ © p are reductive 
decompositions for M, and F, respectively. Hence, we have the following 
inclusions 



[5, n] C n, [[, n] C n, [[, p] C p and [p, n] C n. (1-32) 

An Ad i^-invariant scalar product on n induces a G-invariant Riemannian metric 
qn on A^ and an Ac? L-invariant scalar product on p induces a G-invariant Rie- 
mannian metric gp on F. The orthogonal direct sum of these scalar products 
on m defines a G-invariant Riemannian metric qm on M which projects onto a 
G-invariant metric on A^. Moreover, if p and n do not contain any equivalent 
Ad L-submodules, then any G-invariant metric which projects onto a G-invariant 
metric on A^ is constructed in this fashion. We recall the following result due to 
L.Berard-Bergery (i], [ID] 9 §H): 

Theorem 1.3. The natural projection tt : M N is a Riemannian submersion 
from {M,gni) to {N,gN) with totally geodesic fibers. 

Throughout this thesis we shall refer to such a metric gM as an adapted metric: 
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Definition 1.4. An adapted metric on M is a G -invariant Riemannian metric 
qm such that the natural projection tt : M N is a Riemannian submersion and 
consequently the fibers are totally geodesic submanifolds . The fibration M ^ N 
equipped with an adapted metric g is then called a Riemannian fibration. 

An adapted metric on M shall be denoted by gM and, as already introduced 
above, gp and gN shall denote the projection of gM onto the base space and 
gp its restriction to the fiber F. 

We consider a decomposition p = pi © . . . © into irreducible AciL-submodules 
pairwise orthogonal with respect to B. Also let n = Ui © . . . ©n„ be an orthogonal 
decomposition into irreducible Ac? A"-submodules. Throughout we assume the 
following hypothesis: 

(i) pi, . . . , ps are pairwise inequivalent irreducible AiiL-submodules; 

(ii) rii, . . . , n„ are pairwise inequivalent irreducible Ad A'-submodules; 

(iii) p and n do not contain equivalent Ad L-submodules. 

We shall refer to this hypothesis by saying that M has simple spectrum. Under 
this hypothesis, according to Schur's Lemma, any AdL-mvanant scalar product 
on m = p © n which restricts to an Ad A'-invariant scalar product on n is of the 
form 

<, >= (©:=iAa5 Ip^xpJ © (©Ll/Ufc^ In,xnj , (1.33) 

for some Ai, . . . , As, /ii, . . . , /x„ > 0. Since an adapted metric gM on M projects 
onto a G-invariant Riemannian metric on A^, gM is necessarily induced by a scalar 
product of the form (ll.33p . To denote that gM is induced by a scalar product as 
in (11.331) we shall write 

gM = fl'M(Ai, . . . , A^; /ii, . . . , /i„). (1.34) 

Similarly, we write 

gp = 5'f(Ai, . . . , As) and g^ = gNi fJ^i, ■ ■ ■ , f^n)- (1.35) 

By Ric we mean the Ricci curvature of gM and by Ric^ and Ric^ the Ricci 
curvature of g^^ and gp, respectively. 

In the following Sections we compute the Ricci curvature for gM and find some 
necessary conditions so that gM is an Einstein metric. We recall that in Theorem 
11.21 we have shown that the Ricci curvature of any metric on M can be described 
using the bilinear maps Qxy defined in II. 2[ 
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1.2.2 The Ricci Curvature in the Direction of the Fiber 

In this Section we obtain the Ricci curvature of the adapted metric 

Qm = fi'A/(Ai, . . . , A^; /ii, . . . , /i„) 

in the vertical direction p. We recall that p decomposes into the direct sum of the 
pairwise inequivalent irreducible Ac? L-submodules pi,...,ps and, as explained 
above, qm is induced by the scalar product f ll.33p 

while qf is the restriction of qm to the fiber, i.e., 

5'F = fl'F(Ai,...,AJ. 

Lemma 1.6. Let X G p and y G m. 

(i) Q'^^Y = QxY = 0, a = 1, . . . , s, j = 1, . . . , n; 
(zi) Q^y* = 0, 2 7^ j, i, j = 1, . . . , n; 
(ill) Q^y^ = Kill{Cn,X, Y), J = l,...,n. 

Proof: Since adxp C 6 -L n we have Q^y ~ i^om Lemma fl.51 From Lemma 
miii),Q'xy' =QYy=0. 

As adx^j C Uj ,we have Qxy — Kill{CnjX,Y). Moreover, since Uj _L Uj, for 
every i 7^ j, we also conclude that Qxy =0; if ^ 7^ J- 

□ 

Lemma 1.7. The Ricci curvature of gp = gpi^i, ■ ■ ■ , As) is of the form Ric^ = 
®l=iqaB |p,xp„, with 




where the constants and 7^ are such that 

Kilk |p„xp„= laKill |p„xpa 

and 

V IPaXpa— Va IPaXpa ■ 

In particular, Ric^ {pa.Pb) =0, if a ^ b. 

Proof: Since pi,...,ps are pairwise inequivalent irreducible Ac? L-submodules 
and Ric^ is an Ad L- invariant symmetric bilinear form, we may write Ric^ = 
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(Bl^iQaB Ip^xpa, for some constants qi, . . . , g^. In particular, we have Ric^{pa, pb) = 
0, for every a,b = 1, . . . ,s such that a ^ h. By Theorem 11.21 the Ricci curvature 
of qf is 

b,c=l ^ ^ ^ 

By Lemma fL^ the maps Q^'^'^'' are Ac? L- invariant symmetric bihnear maps. Since 
pa is Ad L-irreducible, there are constants g^^ such that 

r)pcpb I _ a'* Kill I 

Similarly, the Killing form of Killi, is an Ac? L-invariant symmetric bilinear 
form on pa- So, by irreducibility of p^, there is a constant 7^ such that 

KiU{Cr,-) \p^xpa=laKiU |p„xp, • 
By the expression above for Ric^, we must have 




and the result follows from this. 

□ 

Proposition 1.1. Let qm = 5'a/(Ai, . . . , A^; /ii, . . . he an adapted metric on 
M. 

For every a,b = 1, . . . , s such that a ^ b, Ric{pa, pb) = 0. For every X G pa, 
a = l,...,s, 

Ric{X, X)=i^, + ^Y. ^] ^(^' 
where, for j = 1, . . . ,n, the constants Cn^^a O'l"^ such that 

KiU{Cnj-, ■) \paXPa= Cnj.aKill \p^Xpa 

and Crxj is the Casimir operator of xij with respect to Kill. The constant qa is 
such that 




with q^ and 7a defined by 
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Kilk \paXPa= laKill |p„xp„ 
Q'^*''^" |paXpa= q'^Klll Ip^xpa • 

Proof: Since pi, . . . , are pairwise inequivalent irreducible Ad L-submodules and 
Ric Ipxp is an Ac? L-invariant symmetric bilinear form, we have that Ric |pxp is 
diagonal, i.e., 

Ric |pxp= a^iB Ipixpi ® . . . ® o,sB Ip^xps; 

for some constants Oj\ , . . . , Qjg . In particular, we have Ric{pa, pb) = 0, for every 
a,b = 1, . . . , s such that a ^ b. Hence, Ric |pxp is determined by elements 
Ric{X, X) with X e Pa, a = 1, . . . ,s. 

By Lemma [TTB] we obtain that only Qxx ~ -^^^^C'^^X, X) and Qxx non-zero. 
Therefore, by Theorem 11.21 we obtain that 

Ric{X, X) = 




KiU{X,X). 



We have 

ET=iQT^= Y.7=iKM{c.,x,Y) 

= Kill{C„X,X) 

= Kill{X, X) - KillidX, X) 

= Kill{X,X) - Kilk{X,X). 
Hence we can rewrite Ric{X, X) as follows: 

2 E - ^ «t - -,KUl,iX, X)--Y. ^KUKC^X, X). 

a,b=l ^ ' j=l J 
V ' 

(1) 

As we saw in the proof of Lemma [1.71 the summand (1) is just Ric^{X,X) = 
qaB{X,X). 

Furthermore, since Kill{Cn.-, ) = Q"^^^ are Ac? L-invariant symmetric bilinear 
maps (Lemma II. 4p and p^ is Ac? L-irreducible, there are constants „ such that 

Kill{Cnf,-) \paXpa= Cnj^aKill |p^xpa ■ 
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Therefore, 



/ 1 " \ 

mc{x, x)=\^, + -Y. j B{x, x). 

□ 

1.2.3 The Ricci Curvature in the Horizontal Direction 

We obtain the Ricci curvature of an adapted metric qm = dAii^i, ■ ■ ■ , K] /^i, • • • , A^n) 
in the horizontal direction n. We recall that n decomposes into the direct sum 
of the pairwise inequivalent irreducible Ad i^'-submodules Ui, . . . ,n„ and, as ex- 
plained above, qm is induced by the scalar product ( 11.33P 

and gN is the projection of qm onto the base space, i.e.. 

Lemma 1.8. Let X E xik and Y E m. 

(^)QTY =Q'xY =^,forj^k; 
(ii) Q5,"^^ = Q^^^- = Kill{C,^X,Y); 
(zn) Q^y = 0, for i, j = 1, . . . , s. 

Proof: We have adxpa C ± p,nj, for j ^ k. Thus, Qxy = O5 3 1^ k 
and Q^y = 0, for z,j = 1, . . . , s, from Lemma [T75l Also from adxpa C rifc 
we deduce that Q'^x? ~ ^'^^K'^pa-^i^)- From Lemma 11.41 (ii), we also obtain 
Qxy = QTy = 0, for j ^ k and Q""^^^ = Q"^^' = Ktll{Cp^X, Y), for j = k. 
□ 

Lemma 1.9. The Ricci curvature of qn = gxifJ'i, ■ ■ ■ , fJ'n) is of the form Ric^ = 
nfcxnfe; where 

and the constants rj^^ are such that 

V InfcXnfc— 'fc InfeXHfc • 

In particular, Ric^ {nk,nj) = 0, if k ^ j . 
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Proof: The metric (^at is induced by an Ad i^-invariant scalar product on u. Hence, 
Ric^ is an Ac? i^'-invariant symmetric bilinear form on n. Since the subspaces xxj, 
j = l,...,n, are irreducible pairwise inequivalent Ad K-submodules, we may 
write 

for some constants ri, . . . , r„. It is clear that Ric^{nk, rij) = 0, if A; 7^ j. 
It follows from Theorem 11.21 that, for every X G n^, 

mc^ix,x) = ]:J2(-- ^) Qxx - lKmix,x). 

Since each subspace n-,- is Arfi^-invariant, the bilinear maps are AdK- 

invariant symmetric bilinear maps (Lemma 11.41) . Hence, by irreducibility of the 
Ufc's it follows that Q"^"^ |nfexnfc= rl^Kill In^xufc, for some constants rl\ j,i,k = 
1, . . . ,n. 

By definition of the r^'s it must be 

r, = -T ( J^- - l^] + - 

□ 

Proposition 1.2. Let qm = gAii^i, ■ ■ ■ ,^s', f^i, ■ ■ ■ , /Un) be an adapted metric on 
M. For every k, j = 1, . . . ,n, such that j ^ k, Ric{nk, %) = 0. For every X G Ufc, 

1 * 

RtciX, X) = -— V \aBiC,^X, X) + rkB{X, X), 

where, for every a = 1, . . . ,s, Cp^ is the Casimir operator of pa with respect to 
Kill, 

and the constants rj^ are such that 

Proof: Let X G rifc and Y G rifc'. By Lemma [TTS] we have Q^xy ~ 0' ^"^^ every 
a,b = 1, . . . , s. Also, QxY — Qxy — 0) if J ^' ■ Therefore, it follows from 
Theorem 11.21 and Lemma [1.91 that, if 7^ fc', then 
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Hence, Ric |nxn is determined by elements Ric{X, X) with X G n^, /c = 1, . . . , n. 
For X G rifc, by Theorem II ■2[ we get 



Ric{X, X) 



From Lemma 11.81 we know that Q^x" ~ Qx^ ~ KiU{Cp^X, X). Hence, we 
simphfy the expression above obtaining 

1 " A 

RiciX, X) = - V —Kill{Cp^X, X) + Ric^iX, X). 

Finally, since Ric^ {X, X) = rkB{X, X), using the notation of Lemma 11.91 we 
conclude that 

ffic(X, X) = -1 V —B{C,X, X) + nB{X, X). 

□ 

1.2.4 The Ricci Curvature in the Mixed Direction 

In the previous two sections we determined the Ricci curvature of 

dM = dAli^l, • • • , /ii, . . . , fin) 

on the directions of p and n. Here we obtain the Ricci curvature in the direction 
of p X n. 

Proposition 1.3. Let qm = fi'A/(Ai, . . . , A^; /ii, . . . , he an adapted metric on 
M. For every X G pa o^nd F G n^, 

i?.c(x,F)=^x:^^^^' 

where, for every j = 1,. . . ,n, C-^- is the Casimir operator of Uj with respect to 
Kill. 
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Proof: For X G p we know from Lemma 11.61 that Q^y" ~ Q^xy ~ 0' 
every a = 1, . . . , s, j = 1, . . . , n, and Q^y = 0, if i 7^ j, z, j = 1, . . . , n, 
whereas Qxy — KiU{Cn.X,Y), j = l,...,n. Moreover, for Y G rife, since 
adxadyp C rife _L p, from Lemma 11.61 we also obtain that Qxy = 0, for every 
b,c= 1, . . . , s. Therefore, only Qxy = Kill{Cn_.X, F), j = 1, . . . , n, may not be 
zero. Furthermore, Kill{X,Y) = 0. Hence, from Theorem 11.21 we get 



mciX, Y) = l±(l-^) = ^ E (1 - ^) KUl{C.^X, Y). 

On the other hand, 

n 

^ KilKC^X, Y) = KiU{C^X, Y) = Kill{X, Y) - KiU{CiX, Y) = 0, 
since C^p C t -L n. Therefore, 

pw^ Xafik^KUliC^^X^Y) 
Rtc{X, Y) = — 2^ 



4 ^ /.^ 



□ 



1.2.5 Necessary Conditions for the Existence of an Adapted 
Einstein Metric 

From the expressions obtained previously for the Ricci curvature in the horizontal 
direction and in the direction of p x n we obtain two necessary conditions for the 
existence of an adapted Einstein metric on M. These are restrictions on Casimir 
operators and shall be extremely useful in the chapters ahead. 

Corollary 1.4. Let qm = dAii^i, ■ ■ ■ , K', /^i, . . . , be an adapted metric on M. 
If Qm is Einstein, then the operator X]a=i -^a^pa Ufe scalar. 

Proof: Let qm be an adapted metric as defined in (11.331) . If qm is Einstein with 
Einstein constant i?, then, Ric |nxn= E <,>|nxn and thus Ric \nxn is AdK- 
invariant. Therefore, by Proposition II. 2[ we conclude that X]a=i -^a^pa U has to 
be A(iK-invariant. Hence, X]a=i ^a.Cp^ |nfc is scalar, by irreducibility of rife. 

□ 

Corollary 1.5. Let qm = QAii^i, ■ ■ ■ , A^i, • • • , A^n) be an adapted metric on M. 
The orthogonality condition Ric{p, n) = holds if and only if 




(1.36) 



Moreover, if Qm is Einstein, then U.36\) holds. 
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Proof: Let qm be an adapted metric of the form qm^^i, • • • , A^; /ii, • . . , /in)- From 
Proposition 11.31 we obtain that Ric{p, n) = if and only if, for every X G pa and 
Y e xib, 

Kill I 1 = 0. 

This holds if only if Yl^=i ^ 6, for every X G p. 

If qm is Einstein with Einstein constant then Ric{p, n) = E < p,n >= 0. This 
shows the last assertion of the Corollary. 

□ 

The two previous Corollaries may be restated in the following way, which em- 
phasizes the fact that the two necessary conditions obtained for existence of an 
Einstein adapted metric are just algebraic conditions on the Casimir operators of 
the submodules pa and rifc. 

Corollary 1.6. // there exists on M an Einstein adapted metric, then there 
are positive constants Ai, . . . , A<j such that the operator Yll=i AaCpa In^ is scalar. 
Furthermore, if Qn is not the standard metric, then there are positive constants 
i/i, . . . , z/„, not all equal, such that 

n 

J]z/,a,(p)ci 

Proof: The assertions follow from Corollaries 11.41 and 1 1 . 5[ In ll.Sl we set = 1//^^- 
Hence, ui = ... = i/„ occurs when is the standard metric. Moreover, if 
ui = . . . = Un, the inclusion in 11.51 is equivalent to Cn(p) C t, which always holds 
since Cn = Id — and Ct maps p into t. So we obtain a condition on the C-n^ 's 
only when gjq is not standard. 
□ 
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CHAPTER 2 



As in Chapter 1, we consider a homogeneous fibration F —>■ M —>■ N, for M = 
G/L, N = G/K and F = K/L, where G is a compact connected semisimple 
Lie group and L <^ K <^ G are connected closed non-trivial subgroups, and 
an adapted metric qm on M. We consider some particular cases by imposing 
restrictions on the metric qm, which shall lead to simpler expressions of the Ricci 
curvature and thus allow us to determine further conditions for the existence of 
an Einstein adapted metric. Unless otherwise stated we follow the notation used 
in Chapter 1. Thus, as before, pi, . . . , are the irreducible pairwise inequivalent 
Ad L-submodules of p, the tangent space to the fiber, and ni,...,nn are the 
irreducible pairwise inequivalent Ac? i^-submodules of n, the tangent space to the 
base. An adapted metric qm on M is written as 

meaning that qm is induced by the scalar product 

on the tangent space m = p © n of M. We assume that M has simple spectrum 
as in Section 11.2. 1[ 

2.1 Riemannian Fibrations with Normal Fiber 

In this section we consider an adapted metric qm whose restriction to the fiber, 
qf, is a multiple of the Killing form of g. Hence, we have 

gM = ^m( A,..^. ,A ; /ii, . . . , (2.1) 

s 

and 

gp = gF{K_^) (2.2) 

s 

by setting Ai = . . . = As = A in fll.33p and (11.341) . Clearly, when equipped with 
gPi F becomes a normal Riemannian manifold. In particular, if the Killing form 
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of t is a multiple of the Killing form of g, then F is a standard Riemannian 
manifold. This shall be the case when, for instance, p is irreducible, but it will 
not be the case in general. 

Proposition 2.1. Let qm be an adapted metric on M of the form 

^m( A, . -J , A ; /ii, . . . , /in)- 

s 

The Ricci curvature of Qm is as follows: 

(i) For every X G pa; 

(\ 2 \ 

with 

qa = 2 (cr,a + I) , 

where C{^a is the eigenvalue of the Casimir operator of i on pa, 7a is defined by 

Kilk \paxpa= laKill Ip^xp, 

and Cnj_a is given by 

where Cnj is the Casimir operator of Uj with respect to Kill. 

(ii) For every X G Ufc, 

Rtc{X,X) = -^B{C,X,X) + rkB{X,X), 

where is as defined in Lemma \1.9l 
(Hi) For every X G pa and Y E rik, 

1=1 

(iv) Ric{pa, pb) = 0, for every a,b = 1, . . . , s such that a ^ b, and Ric{ni, Uj) = 0, 
for every i, j = 1, . . . ,n such that i ^ j ■ 



Proof: (i) By Corollary 11.21 if gp is a multiple of B, then we obtain that 
ffic^(X,X) = -1(1 + <a) Kilk{X,X), 
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for X G pa, where is the eigenvalue of the Casimir operator of [ with respect 
to the Killing form of t on pa. Clearly, 

c[^Kilk{X,X) = Kilk{C[X,X) 
= tr{ad\ IpJ 
= Kill{CiX,X) 

= C,^aKlll{X,X). 

By recalling that 

Kilk |p,xpa= laKill |p,xp„, we write Ric^ = I ("t" + C[,a) B and by following the 
notation in Lemma [1.71 we have 

ga = ^ (f + C,a) . 

The result then follows from this and Proposition 11.11 

(ii) follows directly from Proposition 11.21 by observing that ^^=i ^Pa = ^v- 

(iii) The Ricci curvature in the direction p x n essentially remains unchanged; the 
expression given is just that of Proposition 11.31 after replacing Ai, . . . , by A. 

(iv) These orthogonality conditions are satisfied by any adapted metric on M and 
were shown to hold in Propositions 11.11 and II. 2[ 

□ 

Proposition 2.2. Let gui^i ■ ■ ■ i \ /^i, • • • , /^n) any adapted metric on M and 

s 

suppose that pi,...,ps pairwise commute, i.e., [pa,Pf)] = if a b. For every 

X G pa, 

where all the constants are as in Proposition \2.1[ 

Proof: This follows from the fact that, in this case. Corollary 11.31 gives also 

Ric^{X,X) = -1(^1 + <a) KUk{X,X), 

as in the previous proof. Hence, the expression for Ric{X, X) is exactly the same 
obtained above for (i) in Proposition 12. 1[ 

□ 

Corollary 2.1. // there exists on M an Einstein adapted metric of the form 
gMi^, • • • , A; /ii, . . . , fin), then Cp and Ci are scalar on Uk, k = 1, . . . ,n. 

s 
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Proof: Since ^^^^^ Cp^ = Cp, the necessary condition for g]\i to be Einstein 
given in Corollary 11.41 translates into the condition that Cp is scalar on rij, if 
Xi = . . . = \s = \. We have that = Cp + C( is scalar on rij, since xij is 
irreducible as a K-module. Then Cp is scalar on rij if and only if Ci is. 

□ 

2.2 Riemannian Fibrations with Standard Base 

In this section we consider an adapted metric qm whose projection onto the base 
space, gj\f, is a multiple of the Killing form of g. Hence, we have 

gu = 9m{Xu /i, • - (2.3) 

n 

and 

9n = 5^Af( /i, . (2.4) 

n 

by setting /ii = . . . = /i„ = in fll.33p and (11.341) . In this particular case, when 
equipped with gj^, N is a standard Riemannian manifold. 

Proposition 2.3. Let qm be an adapted metric on M of the form 

5'm(Ai, . . . , A^; 

n 

The Ricci curvature of is as follows: 
(i) For every X G pa, 

mc{x,x)= (^g, + il(i-7j^5(x,x), 

where qa and'^a o'^e as defined in Lemma \m\ i.e., they are defined by the identities 

Kilk |p,xp,= laKill |p„xp„ andRic^ |paxp,= QaB |p„xp„; 
(a) For every X & xik, 

RtciX, X) = -IJ2 -B{CpX, X) + rfc5(X, X), 

^ a=l ^ 

with 

= - + c,. 

where c^^k is the eigenvalue of the Casimir operator Ci on rifc/ 
(Hi) Ric{p, n) = 0; 

(iv) Ric{pa, pb) = 0, for every a,b = 1, . . . , s such that a ^ b, and Ric{ni, Uj) = 0, 
for every i, j = 1, . . . ,n such that i ^ j . 
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Proof: (i) From the fact that 7a + ^"=1 Cnj,a = 1, we obtain 

The required expression follows immediately from Proposition 11.11 

(ii) From Corollary 11.21 we obtain that ^fc = | (| + Ct,fc)) where is as defined in 
Lemma II. 9[ The expression then follows from Proposition 11.21 

(iii) By using the fact that Cn = X]j=i , from Proposition 11.31 it follows that 

mc{X,Y) = ^B{Cr,X,Y), 
4/i 

for every X G pa and F G n^. Moreover, since Cn = — = Id — Cj and 
C{(p) C t, we have that Cn(X) G 6 is orthogonal to F G n with respect to B. 
Hence, Ric{X, Y) = 0. 

(iv) these orthogonality conditions are simply those in Propositions 11.11 and II. 2[ 

□ 

Corollary 2.2. Let qm be any adapted metric on M and suppose that rii, . . . , n„ 
pairwise commute, i.e., [xij, Uk] = 0, for k ^ j . Then, for every X G Ufc, 

Ric{X, X) = -\J2 —B{C,^X, X) + r,5(X, X), 

where = | (| + c^^k) and ct^k is the eigenvalue of the Casimir operator Ct on 

Proof: The proof is immediate by using Corollary 11.31 and Proposition 11.21 

□ 



2.3 Binormal Riemannian Fibrations 

A G-invariant metric qm on M of the form 

9m = (A^_^^; II, (2.5) 

s n 

is called binormal. That is, a binormal metric is induced by the scalar product 

AS Ipxp ®^JiB I 

nxn 

on m. The fibration F ^ M — > X is then called a binormal Riemannian 
fibration. Clearly, a binormal metric projects onto an invariant metric on the 
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base space and thus it is an adapted metric. For a binormal metric gM, both 
qn and gp are multiples of the Killing form of q 



qf = ( A, ■ - ^ ■\ ) and qn = { [i, • , /i ) (2.6) 

s n 

and thus F is a normal Riemannian manifold, which is standard if Killi is a 
multiple of Kill, and is a standard Riemannian manifold. 

In this Section we obtain the Ricci curvature of a binormal metric qm on M and 
conditions for such a metric to be Einstein. As we shall see, the conditions for 
the existence of an Einstein binormal metric translate in very simple conditions 
on the Casimir operators of 6, [ and pa, a = 1, . . . , s. The results that we found 
in Sections 12.11 and 12.21 yield the following description of the Ricci curvature: 

Corollary 2.3. Let qm = ghii^, • • • , A; ^, . , /i ) be a binormal metric on M. 

s n 

(i) For every X G pa, 

where qa = \ (-^ + C(,a), Ci^a is the eigenvalue of Ci on pa and ■ja is determined by 

Kilk |p,xpa= laKill Ip^xp,; 

(a) For every F G 

mc{Y, Y) = -^B{C,Y, Y) + r,B{Y, Y), 

where rj = | (| + cej) and c^j is the eigenvalue of on xij; 
(Hi) Moreover, Ric{p,n) = 0; 

(iv) Ric{pa, pb) = 0, for every a,b = 1, . . . , s such that a ^ b, and Ric{ni, xij) = 0, 
for every i, j = 1, . . . ,n such that i ^ j ■ 

Proof: For a binormal metric on M, gp and g^ are multiples of Kill, so we use 
Propositions 12.11 and 12. 3[ 

□ 

Definition 2.1. For i, j = 1, . . . ,n and a,b = 1, . . . , s, we set 

(i) = cj_i - Cfj and 5^ = - Cy; 
(i^) = la-lh and = C[,a - C[,b. 
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Theorem 2.1. (i) If Cp is not scalar on each xij, then there are no binormal 
Einstein metrics on M; 

(a) Suppose that Cp is scalar on each xij and write Cp \n^= V Idn^, for j = 1, . . . , n. 
Then there is a one-to-one correspondence, up to homothety, between binormal 
Einstein metrics on M and positive solutions of the following set of equations on 
the unknown X : 

5^(1 -X) = 5^, ^/n>l, (2.7) 
i26l, + 5l,)X' = 6l, zfs>l, (2.8) 

(7a + 2c(, J X2 - (1 + 2cy) X + (1 - 7, + 2¥) = 0. (2.9) 

for every a,b = 1, . . . , s and i,j = 1, . . . ,n, where C[^a is the eigenvalue of C[ on 
Pa, la is determined by 

Kilk |paxp,= laKill Ip^xp,, 

ctj is the eigenvalue of Ci on rij and the 5 's are as in Definition \2.1\ If such a 
positive solution X exists, then binormal Einstein metrics are, up to homothety, 
given by 

<,>= B Ipxp ®XB I 
Proof: Let 5'm(A, . . • , A; ^, . , /i ) be a binormal metric on M and 

s n 

By Lemma [2.11 we have that, if qm is Einstein, then Cp and C( are scalar on xij, 
for every j = 1, . . . ,n. Say 

Cp \nj= V Id and Ci |nj = cyjld. 

Suppose that g is Einstein with constant E. From Corollary 12. 3[ we obtain the 
Einstein equations 



A"- 
2^ 



b' +rj = fiE, J = 1,. . . ,n (2.10) 



+ C(,a + 777^(1 -7a))=\E,a = l,...,s. (2.11) 
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If n > 1, from Equation (I2.10p we obtain the following: 

A 



^^{b'-b')=r,-r^,t,j = l,...,n. (2.12) 



By using Lemma [1.91 we have 



whereas 

U -V = (ct,i - Cij) - (c[,i - C[j). 
Therefore, Equation (12.121) becomes 

-y;( cM - cij ) = 1^1 - (ct£-cjj). 

By using the variable X, we rewrite the equation above as —-ji^ij ~ ~ Ic) 
and this yields 6lj = (1 — X)6^j. 

Equation (12.111) may be rewritten as 



1 /7a 

2 

Hence, if s > 1, for a, 6 = 1, . . . , s, we get 



(| + c,,.)x + (l-7jj^ = f.B. (2.13) 



1 (I + cu) A- + (1 - = 1 (I + e„) X + (1 - 

which yields 



By solving this equation we obtain 

Finally, by using Equations (12.101) and (I2.13P we obtain the equality 



2(y + c,.j^ + (l-7.)4^ = -^ + 2U 



which rearranged gives 



+ c,,,) X^-{]^ + Q,,) X + 1(1 - 7, + 2V) = 0. 



□ 

An immediate Corollary is the following: 
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Corollary 2.4. Suppose that F and N are isotropy irreducible spaces such that 
dimF > 1. There exists on M an Einstein adapted metric if and only if Cp is 
scalar on n and A > 0, where 



A = (1 + 2q,„)^ - 4(7 + 2ci,p)(l - 7 + 26), 

Ci^n is the eigenvalue of Ci on n, C(,p is the eigenvalue of Ci on p, b is the 
eigenvalue of Cp on n and 7 is such that Killi |pxp= 'jKill \pxp- 
If all these conditions are satisfied, then Einstein adapted metrics are, up to 
homothety, given by 

gM = B pxp ®XB nxn, whcrc X = —- — — — — . 

2(7 + 2c[,p) 

Proof: Since p is an irreducible Ad L-module and n is an irreducible Ad -ft'-module, 
then any adapted metric on M is binomial. Hence, we use Theorem 12. 1[ By the 
irreducibility of p and n, we have s = 1 and n = 1 and thus Einstein binormal 
metrics are given by positive solutions of ( 12. 9p . if Cp is scalar on n. Hence, from 
Theorem 12.11 we conclude that there exists on M an Einstein binormal metric if 
and only if Cp is scalar on n and A > 0, where 

A = (1 + 2ce,„)2 - 4(7 + 2c[,p)(l - 7 + 26). 

Since F is isotropy irreducible and dimF > 1, we have 7 + 2c(^p 7^ and the 
polynomial in (12. 9p has exactly degree two. In fact, if 7 + 2c[_p = 0, then 7 = 
C[^p = and thus, in particular, p lies in the center of i. But the hypothesis that 
p is irreducible and abelian implies that p is 1-dimensional which contradicts the 
hypothesis that dimF > 1. Therefore, 7 + 2c[^p 7^ 0. In this case, the solutions 
of ^Ml are 



_ 1 + 2ct,n ± VA 
2(7 + 2c,,p) 

□ 

In the case when F is 1-dimensional, the fibration M — is a principal cir- 
cle bundle, since F is an abelian compact connected 1-dimensional group. We 
recall that Einstein metrics on principal fiber bundles have been widely studied 
([IS]; [IS]) and, in particular, homogeneous Einstein metrics on circle bundles were 
classified McKenzie Y. Wang and Wolfgang Ziller in [46j. We revisit metrics on 
circle bundles by stating the following: 

Corollary 2.5. Suppose that N is isotropy irreducible and F is isomorphic to 
the circle group. There exists on M exactly one G-invariant Einstein metric, up 
to homothety, given by 
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2 + m 

9m = B Ipxp ®XB |„xn, withX 



m(l + 2ct,n) 

where c^^n is the eigenvalue of on n and m = dimG/K. 

Proof: The fact that p is 1-dimensional imphes that p hes in the center of 6. 
Hence, in the notation of Corollary \2A\ 7 = C[.p = 0. On the other hand, if n is 
Ad /T-irreducible then, the semisimple part of K acts transitively on n. Moreover, 
since p lies in the center of then the semisimple part of [ coincides with the 
semisimple part of 6. Hence, L also acts transitively on n and n is an irreducible 
Ad L-modnle as well. Consequently, any G-invariant metric on M is adapted and 
moreover is binormal, by the irreducibility of p and n. Furthermore, Cp must 
be scalar on u, since and C[ are scalar on n. Therefore, G-invariant Einstein 
metrics are given by positive solutions of fl2.9p in Theorem 12. 1[ Since 7 = C[^p = 0, 
(12. 9p is just a degree-one equation whose solution is 

X ^ (2.14) 

1 + 2cj,n 

where b is the eigenvalue of Cp on n. Now we compute b, which is the eigenvalue 
of Cp on n. Since g is simple we have tr{Cp) = dimp = 1. Since p lies in the 
center of t, Cp vanishes on 6 and thus tr{Cp) = tr{Cp |n) = fedimn = bm. Hence, 



(, = 1. 

m 

By replacing b on (12.141) we obtain the desired expression for X. 

□ 

Example 2.1. Circle Bundles over Compact Irreducible Hermitian 
Symmetric Spaces. An application of Corollary \2.5\ occurs when the base 
space is an irreducible symmetric space. So let us consider a fibration F ^ M ^ 
N where F is isomorphic to the circle group and N is an isotropy irreducible 
symmetric space. Since F is the circle group, p lies in the center of i. Hence, 
K has one- dimensional center, since for a compact irreducible symmetric space 
the center of K has at most dimension 1. Moreover, in this case N is a compact 
irreducible Hermitian symmetric space. In particular, L must coincide with the 
semisimple part of K. Compact irreducible Hermitian symmetric spaces C/K 
are classified (see e.g. 116]). All the possible C, K and L are listed in Table IKT[ 
together with the coefficient X of the, unique, Einstein adapted metric on C/L, 
as in Corollary \2.5[ 



Finally, if F is not isotropy irreducible, under some hypothesis we can show the 
following: 
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Table 2.1: Circle Bundles Over irreducible Hermitian Symmetric Spaces. 



G K L 


X 


SU{n) S{U{p) X U{n - p)) SU{p) x SU{n - p) 
SO{2n) U{n) SU{n) 
SO{n) SO{2) X SO{n - 2) SO{n-2) 
Sp{n) U{n) SU{n) 
Eg SO{10) X C/(l) SO{W) 
E7 Ee X U{1) Ee 


p(n— + l 
2p{n-p) 
n(n— 1)+2 
2n(n-l) 
n-l 
n-2 

n(n+l)+2 
2ri(n+l) 
17 
32 
14 
27 



Corollary 2.6. Suppose F is not isotropy irreducible and that there exists a 
constant a such that 

Killi |pxp= aKilli |pxp . 
For a = 1, . . . , s, let be the constant determined by 

Killi |paXpa= JaKill I Pa X pa • 

If for some a,b = 1, . . . , s, ja lb, then there exists a binormal Einstein metric 
on M if and only if, for every j = 1, . . . ,n, 

and Cp is scalar on each xij, where and c^j are the eigenvalues of Ci and C^, 
respectively, on rij. In this case, there is a unique binormal Einstein metric, up 
to homothety, given by 



B Ipxp ® _ B 



1 

V2a + 1 

Proof: If Killi |pxp= aKilli |pxp, then 



C[,a = «7a, for every a = 1, . . . , s. (2.16) 

Therefore, for any a, 6 = 1, . . . , s, if s > 1, 25^^ + 5'^ = (2a + 1)5^^ and, thus. 
Equation (12. 8p in Theorem 12.11 becomes 

(2« + 1)5!,X2 = 5^,. (2.17) 

In particular, (12.161) implies that Ci^a = if and only if 7^ = (thus if p has 
submodules where L acts trivially, then Killi vanish on those submodules and 
then they lie in the center of t. If K is semisimple, then the isotropy representation 



39 



of K/L is faithful). The fact that the isotropy representation of K/L is not 
irreducible implies that p decomposes as a direct sum pi © ... © ps with s > 1. 
For the indices for which 7^ 7^ 7Jj, we have 7^ and fl2.17p implies that 



A- 1 



V2a + 1 



Hence, X = ^/^^ must be a root of the polynomial in (12.91) . By using the fact 
that C[,a = «7a and bj = c^j — cy, simple calculations show that 

We observe that this condition implies (12.71) in Theorem 12.11 as we can see by the 
equalities below: 



= CM - a, = ( 1 - ) (c,. - c,,) = (1 - X)6!^. 



1 

V2a + 1. 

Hence, there is a binormal Einstein metric if and only if (I2.18p is satisfied and the 
operator Cp is scalar on rij, for every j = 1, . . . ,n. In this case, according also to 
Theorem 12.11 such metric is, up to homothety, given by B |pxp ® ^2a+i ^ 1"^"' 
□ 

Corollary 2.7. Suppose F is not isotropy irreducible and that there exists a 
constant a such that 

Killi |pxp= aKilli |pxp . 
For a = 1, . . . ,s, let '^a be the constant determined by 

Killl |p„xpa= laKill I Pa X pa • 

If for some a,b = 1, . . . ,s, 'ja ^ lb o-nd there exists on M an Einstein binormal 



metric, then the number \j2a + 1 is a rational. 

Proof: This follows from the fact that the eigenvalues of Cj and C[ on rij are 
rational numbers. Since t is a compact algebra, the eigenvalue of its Casimir 
operator on the complex representation on is given by 

< Xj, Xj + 25 > 



2h*iQ) 

where Xj is the highest weight for xij, 26 is the sum of all positive roots of t and 
h*{Q) is the dual Coxeter number of q ([IZ], [35]). A similar formula holds for 



^This condition implies that the representation of L on at least one of the pa's is faithful. 
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C[j and we conclude that Cij and Cij are rational numbers. If there exists a 
binormal Einstein metric on M, then Cij and C^j are related by formula fl2.15p 
in Corollary 12.61 This implies that \/2a + 1 is a rational number. 

□ 

2.4 Riemannian Fibrations with Einstein Fiber 
and Einstein Base 

In this section we investigate conditions for the existence of an Einstein adapted 
metric qm = (Ai, . . . , A^; fii, . . . , fin) on M such that gp or ^f^v are also Einstein. 

Theorem 2.2. Let gm = gAii^i, ■ ■ ■ , A^i, • • • , A^n) be an adapted metric on M. 
If 9m o-nd gN are both Einstein and n > 1, then 



— = — =\Tt] ,forj,k = l,...,n, 



where V is the eigenvalue of the operator X]a=i AaC*pa on Uj, for j = 1,. . . ,n, 
and the rj's are determined by Ric^ = ^l^iTkB In^xrifc (^s in Lemma \1.9i Up 
to homothety, there exists at most one Einstein metric g^ on N such that the 
corresponding gM on M is Einstein. 

Proof: Let (7m(Ai, . . . , A^; /xi, . . . , be an adapted metric on M. From Corollary 
11.41 we know that if gM is Einstein, then there are constants V such that 



a=l 



We recall from Lemma [L9l that Ric^ = (B^^iVkB Infcxnfc- Hence, if gjsi is Einstein, 
then 



n_ _ _rn 



[2.19) 



From this equalities we obtain that 



^ = ^, for j,A; = l,...,n. (2.20) 

yWfc rk 

Prom Proposition 11.21 for X G n^, the Ricci curvature of gM is 



Rzc{X, X) = --^ V A«5(Cp„X, X) + rkB{X, X) = ( - ^ + r,)i?(X, X). 

a=l 
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If gM is Einstein, then from the expression above we obtain the following Equa- 
tions 



2fil Hk 2/i2 ' 
The identities ( ]2A9ll and (lOTll imply that 



''+- = -#i + ^- (2.21) 



6^= _ V 



and consequently, by using fl2.20p . 



Finally, we observe that although the fact that gj<! is Einstein implies the equalities 

Li ' T ' 

— = — , there might be more then one solution for the n-tuples (/ii, . . . ,/in), 
up to scalar multiplication, since the r^'s in general depend on the /Xj's. This is 
obvious since clearly there might be many distinct Einstein metrics on A^, up to 
homothety. This is explicit in the formula given in Lemma 11.91 However, as the 

eigenvalues are independent of the constants /ii, . . . , the ratios ^ = j ^ 
imply that there is at most one possible choice for (^tv, up to scalar multiplication. 

□ 

Theorem 2.3. Let gui^ii ■ ■ ■ i^s'-, f^i, ■ ■ ■ , f^n) be an adapted metric on M. If gM 
and gp are both Einstein and s > 1, then 

where Cn^^a is such that Kill{C„^-, ■) |p„xpa= Cn^,aKill Ipaxp,,; /or a = 1, . . . , s and 
the Qa 's are determined by Ric^ = ®a=i<iaB |p„xpa o^s in Lemma \Ll\ Up to scalar 
multiplication, there exists at most one Einstein metric gp on F such that the 
corresponding metric gM on M is Einstein. 

Proof: The proof is similar to that of Theorem 12. 2^ by using Lemma 11.71 and 
Proposition II. 1[ 

□ 

Corollary 2.8. Let gM = gAii^i, ■ ■ ■ , A^i, • • • , A^n) be an adapted metric on M. 
If Qm, On one? gp are Einstein, then 



, forj,k = l,...,n, 
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and 



j=i J j=i J 
where all the constants are as in Theorems \2.2\ and \2.3[ 

Proof: Using Theorem 12.21 we write /i^ = |t/^i- The second formula follows 
immediately from this and Theorem 12.31 

□ 

Theorem 2.4. Let qm = 5'm(Ai, . . . , A^; /ii,...,/i„) be an adapted metric on 
M. Suppose that qm, Qn o-nd gp are Einstein and let E, Ep and En be the 
corresponding Einstein constants. If E ^ Ej^, then 



E — Ep ( Cn,,a\ 



~En-E V 

where V is the eigenvalue of the operator X]a=i -^a^pa ^'^'^ ^r\j,a is such that 

Proof: Let gM = (Ai, . . . , A^; /ii, . . . , /i„) be an adapted metric on M. If gM, gN 
and gp are all Einstein, from Propositions 11.11 and 11.21 we get 

^ b' + fijEN = ^J'jE, 



from which, if En ^ E, we deduce 



and 



From this we get 



^2 (J^ ^ 
XaEp + y- = XaE. 

4 fi] 



xJ^ = A{E-Ep). (2.23) 



We obtain the required formula by replacing (12.221) in the equation above 
□ 
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2.5 Riemannian Fibrations with Symmetric Fiber 



In this section we consider a fibration F ^ M ^ N such that F is a symmetric 
space and is isotropy irreducible. We specify the Ricci curvature of an adapted 
metric on M and obtain the Einstein equations in some particular cases. 

\i F = KjL is a symmetric space, then we consider its DeRham decomposition 

KjL = Ko/Lo X KJL, x . . . x KJL^, (2.24) 

where Kq is the center of K and, for a = 1, . . . , s, Ka is simple. By ta and we 
denote the Lie algebras of Ka and La, respectively. In particular, for a = 1, . . . , s, 
Ka/La is an irreducible symmetric space. Thus pa may be chosen as a symmetric 
reductive complement of in 6^. Since ta is simple, the Casimir operator of 
is scalar on ta- Hence, in the equality Kill^ |p„xpa= laKill Ip^xp^, the constant 
7a is simply the eigenvalue of the Casimir operator of 6 on 6^, because Killi = 
Kill{Cr, ■)■ For a = this is still true with 70 = 0. 

Proposition 2.4. Suppose that F is a symmetric space and N is isotropy ir- 
reducible and let qm = (Ao,...,As; yu) he an adapted metric on M. The Ricci 
curvature of qm is as follows: 
(i) For every X G pa, a = 0, . . . , s, 

mc{x,x) = (1 + ^(1 - 7a)) s(x,x), 

where 7a is the eigenvalue of on ta; 
(a) For every X G n, 

1 " 

Rtc{X, X) = --J2 KB{C,^X, X) + rB{X, X), 

a=l 

where ^ ~ 2 ^2 ~'~ ^^'"^ '^^'^ eigenvalue of on n; 

(Hi) Ric{p, n) = 0; 

(iv) For every a,b = 0, . . . , s such that a ^ b, Ric{pa,pb) = and for every 
i, j = 1, . . . ,n such that i 7^ j , Ric{xii, rij) = 0. 

Proof: Since N is isotropy irreducible the expressions for the Ricci curvature of 
qm are given by Proposition 12.31 In particular, for X G pa, 

Ric{X,X)= (^g, + ^(l-7,))5(X,X). 

If we consider the DeRham decomposition of F as in fl2.24p . [pa, pb] = 0, for every 
a ^ h. Hence, from Proposition 12. 2[ we have qa = \ + C(_a). Since F is a 
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symmetric space, then Kill[ |pxp= -2^ilh |pxp and thus C{ |pxp= Ipxp- Hence, 
C[,a = Therefore 9a = y- 

Since N is irreducible, by using Proposition 12.31 for X G n, we write 



where 




and C{ ri is the eigenvalue of the Casimir operator on n. 
(iii) and (iv) follow directly from Proposition 12.31 as well. 

□ 

Theorem 2.5. Suppose that F is a symmetric space and N is an isotropy irre- 
ducible space. Moreover, suppose that Cp^ \n= baldn, for some constants ha, for 
every a = 1, . . . ,s. There exists on M an Einstein adapted metric if and only if 
there are positive solutions of the following system of s algebraic equations in the 
unknowns Xi, . . . , X^E 



27iX,2X, + (1 - 7i)X, - 27,XiX2 - (1 - 7JX1 = 0, a = 2, . . . , s 

s 

2 J]6,Xi...X,...X,-4rXi...X, + 27iX2X2...X, + (l-7i)X2...X, = 0, 

a=l 

where 7a is the eigenvalue of Ct on pa; = | (| + c^^n) and c^^n is the eigenvalue 
ofCi on n. To each s-tuple (Xi, . . . ,Xs) corresponds a family of Einstein adapted 
metrics on M given, up to homothety, by 

9m = ®l=l^B |p„xpa ®B Inxn • 

Proof: Let Qm = (-^i, ■ ■ ■ i^s'-, f^) be an adapted metric on M. First we observe 
that the hypothesis Cp^ |„= baldn, for every a = 1, . . . , s, implies that J2l.=i -^a^pa 
is scalar for any choice of Aa's. Hence, the necessary condition for the existence 
of an Einstein adapted metric on M given by Corollary 11.41 is satisfied. Moreover, 
(iii) and (iv) of Proposition 12.41 imply that for qm to be Einstein, it suffices to 
analyze the equations 



Ric |p,xp,= KEB \p,xpa, a = 1, . . . , s (2.25) 
Ric |nxn= fJ'EB |„x„, (2.26) 



^Xa means that Xa does not occur in the product. 
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where E is the Einstein constant of gM- 
We introduce the unknowns 



Xa = —, a = 1, . . . ,s. 
By using Cp^ \n= haldn and the X^'s, Equation 12.261 may be rewritten as 

a=l 

Also, by using Proposition 12.41 and the X^'s, Equation 12.251 may be rewritten as 



y + \^ = ^aE. (2.28) 



By multiplying (12.281) by Xa we get 

27,X,^ + 1 - 7a 

Therefore, the Einstein Equations are just 



fiE. (2.29) 



-> ^+r= ^ ^ -. 2.31 

a=l 

We obtain the equations stated in the theorem simply by rearranging (12.301) and 
(12.311) . We recall that since N is irreducible, we have ^" = 1(1 + ct^n), as in 
Proposition 12.41 and thus r does not depend on yU. So Xi, . . . , are actually the 
only unknowns of the system above. 
□ 

Corollary 2.9. Suppose that F and N are irreducible symmetric spaces and 
dimF > 1. There exists on M an Einstein adapted metric if and only if Cp is 
scalar on n and A' > 0, where 

A' = 1-27(1-7 + 26), 

7 is the eigenvalue of Ct on p and h is the eigenvalue of Cp on n. // these two 
conditions are satisfied, then Einstein adapted metrics are homothetic to gM = 
B Ipxp ®XB Inxn, where 
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Proof: It follows from Corollary 12.41 and from the fact that, since F and are 

1 7 

irreducible symmetric spaces, c^^n = 2 ^'^'-^ '^'.p ~ 2' 
□ 

Corollary 2.10. Suppose that F is a symmetric space and N is isotropy irre- 
ducible. 

(i) If Cp is not scalar on n or is not scalar on p, then there is no binormal 
Einstein metric on M. 

(a) Suppose that Cp is scalar on n and C{ is scalar on p, and write Cp |n= bld^ and 
Ci \p= 'yidp. There is an one-to-one correspondence between binormal Einstein 
metrics on M and positive roots of the polynomial 

- (1 + 2ct,n) X + (1 - 7 + 26) = 0. (2.32) 

for every a,b = 1, . . . , s and i,j = 1, . . . ,n, where c^^n is the eigenvalue of Cf on 
n. // such a positive solution X exists, then binormal Einstein metrics are, up to 
homothety, given by 

<, >= B Ipxp (S)XB \nxn ■ 

Proof: If F is a symmetric space, then Kill[ \pxp= oiKilli \pxp, with a = ^. The 
number y/2a -\- 1 = is not a rational. Hence, Corollary 12.71 implies that if 
there exists a binormal Einstein metric on M, then 71 = . . . = 7s = 7 for some 
constant 7, i.e., the Casimir operator of i is scalar on p. 

Moreover, we know from Theorem 12.11 that the condition that Cp is scalar on n 
is also a necessary condition for the existence of a binormal Einstein metric. 
The polynomial (12.321) is just (12. 9p from Theorem 12. H for C[^p = ^ and n = 1. 
Also, the condition (12. 8p from Theorem 12. II is satisfied since for 71 = . . . = 7^, we 
have = (5^6 = 0. 
□ 

Corollary 2.11. Suppose that F is a symmetric space. If there exists on M a 
binormal Einstein metric qm, then gp is Einstein. The converse holds if Ci is 
scalar on p. 

Proof: If F is irreducible, then any metric on F is Einstein. So let us suppose 
that F is a reducible symmetric space. Then, by Corollary 12.101 the existence 
of a binormal Einstein metric gM on M implies that 71 = • • • = 7s = 7 for 
some 7. From Proposition 12.11 we have Ric^ |paxpa= <iaB{X, X), where qa = 
\ + ~ "2" ~ 2 ' -^^^ every a = 1, . . . ,s. Therefore, gp is Einstein with 
Einstein constant Ep = 
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Conversely, let qm = (Ai, . . . , A^, /i) be any Einstein adapted metric on M. If 
is scalar on p, then 71 = . . . = 75. Hence, ii gp is Einstein, we have from Theorem 
Othat 

K. _qa _ 7a/2 _ ^ 
Afe qb 76/2 

and Qm is binormal. 

□ 

Hence, binormal Einstein metrics are such that the restriction to the fiber is 
Einstein. As the next two results show, there might exists other Einstein adapted 
metrics satisfying this property. 

Corollary 2.12. Suppose that F is a symmetric space and N is isotropy irre- 
ducible. Let 7a be the eigenvalue of on pa, a = 1, . . . , s, and qm an adapted 
metric on M. If Qm and gp are both Einstein, then 

la = 7b or 7a = 1 - 7b, a, 6 = 1, . . . , s. 

Proof: If F is a symmetric space, we have Qa = for every a = 1, . . . , s. On the 
other hand, if is isotropy irreducible, then n is an irreducible Ad K-modnle, 
and since Cn,a = ^ — la, the identity in Theorem 12.31 becomes 

7a/2 _ I -lb / 1 - 7a 

Hence, we obtain the equation 

7a(l - 7a) = 7f.(l - 76), for a, 6 = 1, ... , s, 

whose solutions are 7^ = 7^ or 7^ = 1 — 7b. 

□ 

Corollary 2.13. Suppose that F is a symmetric space such that p = pi © p2, 
where pi and p2 are non-abelian, and N is isotropy irreducible. Suppose that 
Cpa |n= baldn, for somc constants ba, a = 1,2. Let 7^ be the eigenvalue of on 
pa, a = 1,2, and Cf^n be the eigenvalue of on n. 

If there exists on M an Einstein adapted metric gu such that gp is also Einstein, 
then one of the following cases holds: 
(i) 72 = 7i and A > 0, where 

A = (l + ce,n)'-87i(l-7i + 26). 
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// these two conditions are satisfied the metric, then qm is the binormal metric 
given, up to homothety, by 

9m = B Ipxp ®XB Inxn, whereX = . 

(a) 72 = 1 — 7i and -D(7i) > 0, where 

D(7i) = Ar^ - 46i7i - 462(1 - 7i) - 27i(l - 7i) 

anc? = I (I + C|,n) ■ //" ^/iese iwo conditions are satisfied the metric qm is given, 
up to homothety, by 



9m — 'TtB Ipixpi ® — B |p2xp2 ®B Inxn, 



where 

X2 = and Xi = ^ . 

1-71 271 

Proof: First we observe that the hypothesis that pi and p2 are non-abehan imphes 
that 7i, 72 7^ 0. Let qm = givii^i, • • • , be an Einstein adapted metric on 

M such that (^f is also Einstein. Corollary I2.12[ implies that either 72 = 71 or 
72 = 1 - 7i. 

In the case 72 = 71, the statement follows from Corollaries 12.101 and 12.111 In the 



case 72 = 1 — 7i, we obtain from Theorem 12. 3[ that 

Ai 7i/2 7i 



(2.33) 



A2 72/2 I-71' 
On the other hand, according to Theorem 12.51 an adapted Einstein metric on M 
corresponds to positive solutions of the equations 



2^1X^X2 + (1 - 71)^2 - 272X1X2 - (1 - 72)Xi = (2.34) 
261X2 + 262X1 - 4rXiX2 + 271X^X2 + (1 - 7i)X2 = 0, (2.35) 

where X^ = y-. By using the identity (12.331) . we solve the system of equations 
(12.341) and (12.351) for X2 = j^Xi and 72 = 1— 71, in order to obtain the solutions 
stated in (ii). 

□ 

The following two Corollaries classify all the Einstein adapted metrics in the cases 
when 72 = 7i or 72 = 1 — 71. These results follow immediately from Corollary 
12.131 and from solving the equations (12.341) and (I2.35P for 72 = 7i or 72 = 1 — 71, 
respectively. 
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Corollary 2.14. Suppose that F is a symmetric space such that p = pi © p2, 
where pi and p2 are non-abelian, and N is isotropy irreducible. Suppose that 
Cpa |n= baldn, for somc constants ha, a = 1,2, and let •ja be the eigenvalue of 
on pa, a = 1,2, and Ci^„ the eigenvalue of on n. 

Suppose that 72 = 71, i.e., is scalar on p. // there exists on M an Einstein 
adapted metric qm, then one of the following two cases holds: 
(i) qf is also Einstein and qm is a binormal metric given by Corollary \2.13\ (i). 
(a) -D(7i) > 0, where 

D(7i) = Ar\l - 71) - 271(262 + 1 - 7i)(26i + 1-71) 
and ^ = I (I + CE,n)- The metric Qm is given, up to homothety, by 



Qm — Ipixpi ®-^B |p2xp2 ®B 

Ai A2 



nxtt) 



where 



X, = andX^ - -^1) ± ^(1 - 7i)/^(7i) 



271X1 271(262 + 1-71) 

In this second case, qf is not Einstein and qm is not binormal. 

Corollary 2.15. Suppose that F is a symmetric space such that p = pi © p2, 
where pi and p2 are non-abelian, and N is isotropy irreducible. Suppose that 
Cp„ |n= baldn, for somc constants ba, a = 1,2, and let 7^ be the eigenvalue of Ci 
on pa, a = 1,2, and Ci^„ the eigenvalue of on n. 

Suppose that 72 = 1 — 71 ■ // there exists on M an Einstein adapted metric qm, 
then one of the following two cases holds: 

(i) Qf is also Einstein and qm is the metric given by Corollary \2.13\ (ii). 
(a) -D(7i) > 0, where 

D(7i) = - 2(262 + 7i)(26i + 1 - 71) 
and f = \ {\ + ce.n)- The metric qm is given, up to homothety, by 



9m — T^-^ Ipixpi ©T^-B |p2xp2 ®-B 
Ai A2 



nxti) 



where 



Y 1 .lY 2r±v//^(7i) 
A2 = and Ai 



2X1 2(262 + 71) 

Qm is never binormal and in the second case qf is not Einstein. 
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CHAPTER 3 



As in the previous chapters, we consider a homogeneous fibration F —>■ M ^ N, 
for M = G/L, N = G/K and F = K/L, where G is a compact connected 
semisimple Lie group and L <^ K G connected closed non-trivial subgroups. 
In this chapter we suppose that both the fiber F and the base space N are 
symmetric spaces of maximal rank and, moreover, is isotropy irreducible. The 
triple formed by the Lie algebras of G, K, L, denoted by (g, Q, shall be called 
a bisymmetric triple of maximal rank. We classify all the bisymmetric triple of 
maximal rank when g is simple and obtain formulas to compute the eigenvalues 
which are necessary to decide about the existence of Einstein adapted metrics. For 
each triple, we present the eigenvalues of the Casimir operators of the irreducible 
L-invariant subspaces of the fiber on the horizontal direction and the eigenvalues 
of the Casimir operator of t on the vertical direction. The computations for 
these eigenvalues are in Appendix |X] as well as a description of the isotropy 
representation in terms of subset of roots for each triple. Finally, we study the 
existence of adapted Einstein metrics by using the results in previous chapters. 
Tables are presented in the end of this chapter. We use the notation used in 
previous chapters unless stated otherwise. 

3.1 Introduction 

For all the definitions and properties concerning the roots system of a Lie algebra 
please see [I6] or [3lj. Let G be a compact connected semisimple Lie group and 
L <^ K <^ G connected closed non-trivial subgroups such that A^ = G/K is 
isotropy irreducible. As in section [T72] of Chapter 1, n and p denote the reductive 
complements of Mn g and of [ in t, respectively. The subspace n is irreducible 
as an Ad K-modu\e and p may decompose into the direct sum p = pi © . . . © 
of irreducible Ac? L- modules. We suppose that M has simple spectrum, i.e., n do 
not contain any Ad L-submodule equivalent to any of the pi, . . . , p^ and pi, . . . , p^ 
are pairwise inequivalent. 

Initially, we only suppose that L is a subgroup of maximal rank in G. We choose 
a Cartan subalgebra f) of such that i) G l^. Let 01 he a. system of nonzero 
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roots for with respect to f). As usual we have a decomposition of into root 
subspaces 

where S° = {m G g*^ : adh{u) = au,yh G [)}. 

We have KiU{g°', g^) 7^ if and only if q;+/5 = and thus, for every a G 3^, we can 
take Ea G g" such that Kill{Ea, E_a) = 1. Since [g°, g~"] C I), each pair Ea, E_a 
determines an element Ha in the Cartan subalgebra P) given by = [Ea,E_a\. 
The vectors Ha are such that Kill{Ha, h) = a{h), for every /i G f). In particular, 
the length |a| of a root a G in g is defined by 

lap = a{Ha) = Kill{Ha, Ha). (3.1) 

For every a, P E ^ such that a + (3 E "Jl, since [g", q^] C g""*"^, we define numbers 

Na,f^ G C by 

[Ea,Ei3] = Na^pEa+p, (3.2) 

called the structure constants. The Na^ps satisfy the following properties: 



Na,p = -Np^a (3.3) 
N_a,p+a = N_p^_a = Na,f3, (3.4) 

for every a, /5 G 3^ such that a + P E "Jl. 

A basis {Ea}aeOi of ®aeRQ°' formed by elements chosen as above is called a stan- 
dard normalized basis and that is what we will use throughout. By using such a 
basis we construct the elements 

Ea- E_a , ^ i{Ea + -E-a) ^.x 

Xa = and Ya = -j= . (3.5) 

The vectors Xa and are unit vectors with respect to B. Together with the 
maximal toral subalgebra zf}]R, Xa and Yq generate a compact real form for 
which we identify with g (see e.g. pB], ch.III). 

Since L G K, i) is also a Cartan subalgebra for fi*^. We define the following subsets 
of roots 
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% = {aeOi:E^e f} (3.6) 

Jl^ = {aeOl: E^e i^} (3.7) 

Oin = Oi-Jii = {aEOi:E^erf} (3.8) 

Olp = Oli - % = {a e 01 : Ea, e p'^} (3.9) 

We may also consider the subsets of roots 

Ol,^ = {aeOl:E^e p^}, a = 1, . . . , s, (3.10) 



and, since [ has maximal rank and 6 = [ © p, =< X^, : a E 01^^ >. Since 
KiU{Ea,E^a) = 1, the bases {-Eo}ae3?p„ and {E^a}ae:kp^ of p^ are dual with 
respect to Kill. Moreover, {Xa, ^ajagj^ is an orthonormal basis for p^ with 
respect to B. Consequently, the Casimir operators of p^ and of pa are 

^pS = adE^adE,^ (3-11) 
Cp. = -Yl HL + «4J- (3.12) 

Since t has maximal rank g = 6 © n, we have =< E^ ■ a E Oin > and 
n =< Xa,Ya : a G CR^ >. The subspace n is by hypothesis irreducible as an 
Ad -ft^-submodule. If n = (Bjxx^ is a decomposition of n into irreducible AdL- 
modules, we write 

Oin, = {(j) e 01 : E^ e {n^f} and n^^ = {X^, : (P E 3i+ }. (3.13) 

We recall that one of the conditions for existence of an Einstein adapted metric on 
M, given in Corollary II. 4[ is that there are Ai, . . . , > such that the operator 
J2l.=i ^aCp^ is scalar on n. The Casimir operator Cp^ is necessarily scalar on the 
irreducible Ad L-submodules n-'. Since B{X^, X^f,) = 1, the eigenvalue of Cp^ on n-' 
is given by B{Cp^X^,X^), for any G Ol^j. We shall write 6f for this eigenvalue, 
i.e.. 



bt = B{Cp^X^,X^^) (3.14) 
Cp^ \„,= btld,,,y<PEOl,,. (3.15) 

Furthermore, the eigenvalue of Cp^ on n-', bf, must coincide with the eigenvalue 
of Cpc on (n-')'^. Hence, we also have 
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bt = KmiC,cE^,E.^). (3.16) 

Remark 3.1. We observe that in previous Sections the notation xij was used 
to denote Ad K -irreducible submodules of n, while in here we use the similar 
notation to denote Ad L -irreducible submodules, whereas n is Ad K -irreducible. 
Similarly, b^ was used before to denote the eigenvalue ofCp^, if this operator was 
scalar, on xij, while in here 6f is the eigenvalue of this same operator on . No 
confusion should arise from this since we shall use this second notation only when 
n is an irreducible Ad K -module. 

The necessary condition for existence of an adapted Einstein metric on M given 
in Corollary 11.41 can now be rewritten as follows: 

Corollary 3.1. If there exists on M an Einstein adapted metric, then there are 
positive constants Ai, . . . , such that 

s 

Y.^a(bt-bt)=Q, 

a=l 

for every 0i,02 G 3^n- 

The condition in Corollary 13.11 shall play a fundamental role as a preliminary test 
for existence of Einstein adapted metrics. It is a very restrictive condition which 
is not satisfied by many of the spaces under study in this Chapter. 

For any roots (p and a let (p + na, Pacj, < n < qaif,, be the a-series containing (p. By 
definition, the a-series containing is the set of all roots of the form (p + na where 
n is an integer. It is known that (p + na is an interrupted series ([IE], Chap. Ill, 
§4). For roots a and (p the square of the structure constant Na(j, is given by 

Nl,= ^-^^^t0^^a{H^). (3.17) 

Proposition 3.1. Suppose that rank L = rankG. For every (p & "Jin and a = 
l,...,s, 

where da,p = qa<i> — Pacf, — '^'Pa4><ia(p and (p + na, patf, < n < qa,p is the a-series 
containing (p. 
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Proof: By using (13.161) and (I3.1ip we obtain the following: 

bi= Kai{C,cE^,E_^) 

= T.a&%, Na,^Kill{[E_a,, E_^) 

= ^QeKp„ Na,4,N^a,(t)+aKill{E^, E_^) 

From (13.41) we have N^a,<t>+a = Na^^ and we get 

Now let + na, Pa4> ^ n < qatp, be the a-series containing (p. It is known that 

^a,</. - ^ a[J^a), 

as mentioned in ( 13.171) . 

On the other hand, to compute N^^^ we need the (— a)-series containing 0. 
Clearly, this series is — n'a, where —qacj> ^ n' < —pa(j,- Hence, we obtain the 
following: 

Jy-a,<i, ^ {-a)[^H_c.) a(^a)- 

Hence, 



^ / qa<t>{l -Pa<l>) _ -Pa4>{^ + qa4>) \ 
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which yields the required formula. 

□ 

Let us consider a decomposition of t into its center Iq and simple ideals for 
a = 1, . . . , t, 

t = to®ti® ...®tt, (3.18) 

and let 7^ denote the eigenvalue of the Casimir operator of t on 6^. We present a 
formula to compute the eigenvalues 7a 's by making use of dual Coxeter numbers. 
We start by recalling some facts about roots. On this topic we refer to ([I3], V.5) 
and ([IT], 10.4). 
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There are at most two different lengths in a given irreducible root system, and 
the corresponding roots are designated by long and short roots. If there is only 
one length it is conventional to say that all the roots are long. If a is a long root 
and P is short, then 



\a 



\a 



2 

- = 3, in the case of G2 and 

(3.19) 

- = 2, in the case of Bn, Cn and F4. 

In the remaining cases. An, Dn, E^, and E^, there is only one length. These 
facts can be read off from the corresponding Dynkin diagrams. 
We also recall that a length of a root a is given by 

lap = a{H^) = Kill{H^,H^). 

The dual Coxeter number of a simple Lie algebra g is the number given by 

1 



|2 



\a\ 

where a is a long root (see e.g. [35J). The dual Coxeter numbers of each irreducible 
root system are given in Table 13.11 

We may suppose that = f) H is a Cartan subalgebra of and thus a root 
of can be viewed as a root for g. Hence we can compare lengths of roots of g 
with lengths of roots of ta- So let 6a be the ratio of the square length of a long 
root for g to that of ta, i-e.. 



2 



KiU{Ha, Ha 



Kill{Hp,Hpy 

where a is a long root of g and /? is a long root of la- Clearly, 5^ = 1 if there 
exists only one length for g or if both g and ta have two lengths. If 5a 7^ 1, then, 
according to fl3.19p . 5a is equal to either 2 or 3. We recall the following result by 
D. Panyushev: 

Proposition 3.2. 135] Suppose that g is simple. Then 

where h*{ta) and h*{g) are the dual Coxeter numbers ofia o,nd h*{Q), respectively. 

We observe that so far we used only the fact that L has maximal rank. Now 
if, in addition, E = K/L is a symmetric space, then we consider its DeRham 
decomposition 
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K/L = Ki/Li X ... X KJL„ (3.20) 

where, for a = 1, . . . ,s, Ka is simple, as in Section 12.51 We observe that since L 
has maximal rank in the deRham decomposition of K/L the factor Kq/Lq must 
be trivial. The Lie algebras of Ki, . . . , Ks, denoted hj ti, . . . ,ts, are some of the 
ideals in the decomposition fl3.18p . As explained at the beginning of Section 1^751 
the irreducible Ac? L-submodules pi, . . . , are chosen as the symmetric reductive 
complements of la in for a = 1, . . . , s. Hence, the constant 7^ defined through- 
out by the equality Killi |p^xpa= laKill Ip^xpa in previous sections, is now just 
the eigenvalue of the Casimir operator of t on and thus can be determined by 
the formula in Proposition 13. 2[ 

In Appendix A we compute the eigenvalues 6f 's and 7a's using Propositions 13.11 
and 13.21 Their values are indicated in Tables 13.41 13. 5[ 13.61 and 13.71 in Section 13.61 
for each bisymmetric triple. 

3.2 Bisymmetric Triples of Maximal Rank - Clas- 
sification 

Let us consider a homogeneous fibration F —>■ M —>■ N, for M = G/L,N = G/K 
and F = K/L, where G is a compact connected semisimple Lie group and L ^ 
K <^ G connected closed non-trivial subgroups such that F and are symmetric 
spaces. We shall call such a fibration a bisymmetric fibration. In particular, 
the pairs {G,K) and {K,L) are symmetric pairs of compact type [16j. With a 
slight abuse of terminology, we shall also say that the pairs of Lie algebras (g, 6) 
and (6, [) are symmetric pairs of compact type whenever the corresponding pairs 
(G, K) and {K, L) are. 

Definition 3.1. A bisymmetric triple is a triple (0,6, 1) where q, t and I are 
Lie algebras satisfying the following conditions: 

(Vi<^i^ q; 

(a) (g, i) and {t, I) are symmetric pairs of compact type. 

A bisymmetric triple is said to be irreducible if q is a simple Lie algebra and said 
to be of maximal rank if [ has maximal rank in q, i.e., it contains a maximal toral 
subalgebra of q. 

Clearly, there is a one-to-one correspondence between bisymmetric fibrations, 
up to cover, and bisymmetric triples. All the bisymmetric triples (g, t, [) 
considered in this chapter are irreducible and of maximal rank, even 
when this is not explicitly stated. Consequently, any bisymmetric fibration 
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F — s> M ^ N here considered is such that L is a subgroup of maximal 
rank in G and N = G/K is an irreducible symmetric space. 

Definition 3.2. A bisymmetric triple {q, t, I) is said to be of 

(i) Type I if F is an isotropy irreducible symmetric space; equivalently, if p is 

an irreducible Ad L-module; 

(a) Type II if F is the direct product of two isotropy irreducible symmetric 
spaces; equivalently, if p = pi ® p2, where pi and p2 are nontrivial irreducible 
Ad L-modules. 

A bisymmetric fibration F M N of is said to be of Type I or II if the 
corresponding bisymmetric triple (g, fi, [) is either of Type I or II, respectively. 

As we shall see any irreducible bisymmetric triple of maximal rank with q simple 
is of Type I or 11. 

Isotropy irreducible symmetric spaces have been classified and a classification 
can be found in [16]. By using this we obtain a list of all possible triples (g, t, I) 
such that [ and 6 are subalgebras of maximal rank of g and (g, 6) and {i, [) are 
symmetric pairs of compact type. By inspection of the classification of symmetric 
pairs (g, t) of compact type in [T6] we obtain that those of maximal rank are the 
pairs in Tables 13.21 and 13. 3[ 

We observe that the cases when t is the centralizer of a torus are only the cases 
(c6,50io©M), (c7, e6©M), (s02n,u„), (so„, M © so„-_2) , (spn, u„) and (su„,5Up© 
sUn-p © M). This follows from the fact that these are the only subalgebras t 
corresponding to painted Dynkin diagrams of the Dynkin diagram of g or as 
they are the only ones such that 6 is not centerless. In all the other cases 6 is 
semisimple. If t is simple then (6, [) shall be an irreducible symmetric pair, i.e., 
p is an irreducible L-invariant subspace. Thus, (g, t, I) is of type 1. In the cases 
where 6 = 6i © M with ti a simple ideal of 6, since we require [ to be of maximal 
rank, we have [ = [i © M, where ti is a subalgebra of ti with maximal rank and 
(£, I) = ti) is an irreducible symmetric pair. Thus, in this case, p = pi is also 
an irreducible L-invariant subspace and (g, t, I) is of type 1. In the cases where 
t = ti ® 62, with ^1 and 62 simple ideals of t, we have [ = ti © [2, where, for 
2 = 1, 2, [j is a subalgebra of 6j of maximal rank. Clearly, one of the [j's must be 
proper as we require that [ is a proper subalgebra of t. If both [1 ad [2 are proper, 
then p = pi © p2, where pi and p2 are nonzero irreducible [-invariant subspaces. 
Hence, in this case, (g, i, I) is of type 11. If exactly one of U's coincides with 6j, 
then (6, i) = Ij) and p = pj, for that j satisfying 7^ tj, and once again 
(g, t, I) is of type I. Finally, we have the case of the spaces (su^, sUp © sUn-p © M) , 
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p = 1, . . . ,n — 1. Clearly, [ must be of the form [ = [i © [2 © M, where [1 and [2 
are maximal rank subalgebras of sUp and sUn-p, respectively. We obtain a triple 
of type / if exactly one of the U's is proper and a triple of type II if both [1 and 
[2 are proper. This proves the following: 

Lemma 3.1. An irreducible bisymmetric triple of maximal rank (g, 6, [) such that 
g is simple is either of Type I or II. Moreover, all such bisymmetric triples {g, t, I) 
are those in Tables and\3^ lEM El and\3l. 



Lemma 3.2. For an irreducible bisymmetric triple of maximal rank (0,6,0 of 
Type I, let 7 be the eigenvalue of the Casimir operator of t on p and h'^ 's the 
eigenvalues of the Casimir operator of p on n. For each bisymmetric triple of 
maximal rank these eigenvalues have the values listed in Tables [X^ and \3.5[ 



Lemma 3.3. For an irreducible bisymmetric triple of maximal rank {g, t, I) of 
Type II, let 7^ be the eigenvalue of the Casimir operator of I on pa and 6f 's the 
eigenvalues of the Casimir operator of pa on n, a = 1,2. For each bisymmetric 
triple of maximal rank these eigenvalues have the values listed in Tables lSTSi and 



3.1 



3.3 Einstein Adapted Metrics for Type I 

In this Section we determine all the bisymmetric Riemannian fibrations F — >■ 
M — > of maximal rank of Type I which admit an Einstein adapted metric. We 
recall that for Type I, p is an irreducible Ad L-submodule. Moreover, since n is an 
irreducible Ad i^"-module, any adapted metric is binormal. As in addition F and 
are symmetric spaces, we may apply Corollary 12.91 We recall that according 
to Corollary 12.91 there exists on M an Einstein (binormal) adapted metric if and 
only if 

(?) the Casimir operator of p is scalar on n and 

(3.21) 

{ii)/\ = 1 - 27(1 - 7 + 26) > 0. 
If these two conditions are satisfied, Einstein binormal metrics are, up to homo- 
thety, given by 



9m = B Ipxp ®XB |„xm where X = • (3-22) 

We also recall that b is the eigenvalue of Cp on n, in the case when this operator is 
scalar, and 7 is the eigenvalue of the Casimir operator of 6 on p. These constants 
are computed in Appendix |A] and their values are indicated in Tables 13.41 and 
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13.51 as has been stated in Lemma [3^ We recall that condition (i) translates into 
b'^ = b, for every (p G 3^n, for Type I, according to Corollary IS. II Hence, the first 
test for existence of an adapted Einstein metric shall be to observe if there exists 
only one eigenvalue b'^' in the corresponding columns of Tables 13.41 and 13.51 

Theorem 3.1. The bisymmetric fibrations F ^ M ^ N of Type I such that there 
exists on M an Einstein adapted metric are those whose bisymmetric triples are 
listed in Tables \3^ and \3.9\ . For each case there are exactly two Einstein adapted 
metrics. Furthermore, these Einstein metrics are, up to homothety, given by 

where X is indicated in the Tables mentioned above. 



Proof: As explained in the discussion above, by Corollary 12. 9[ the existence of an 
adapted Einstein metric implies that the Casimir operator of p is scalar on n. By 
inspection we conclude from Tables 13.51 and 13.41 that the only spaces satisfying 
this condition are those corresponding to the labels 



iX6iro3troT|rA:25irA.26iA.3itro2|ro4tro6|roT|r^^ A.46ti A.52\[Aii3\ 



and 

EUfor / = f 

n—p 



with p even; in this case, b = j- 



4n' 



n—p 



IA.5l for s = with n — p even; in this case, b — 2(2n-i) ■ 
lA.lOl for / = I with p even; in this case, b 



4(n-l) ' 



IA.18I for / = I with p even; in this case, b — — - 
lA. 501 for p = 1; in this case & = ^5 



8(n+l) ' 



1 

8' 



lA. 541 for p = 1; in this case b 
We compute A given in formula 13. 2H and the values obtained are as follows 
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A 





ED 



(2„_i)a > U, Vp - L — 2 — J ' ■ 

2 



,71—1 



lAlO 



EH 



IXTS 



[X2T 



1X25 



1X26 



EH 



1X32 



[Oil 



1X86 



IX4T 



1X43 



1X46 



1X50 



1X52 



1X53 



1X541 



p^-(2n+l)p+ri^ + l ^ 
JTT^ > ^ 

2 

> 



[n-lj 

3p^ + (3- 

[n+lj 



3p^ + (3-4ri)p+2(ra'' + l) 
2 



> 



> 



W6-63p+7p^ 
162 

If >o 

> 

18 ^ " 

7p^-56p+113 
225 

225 ^ " 

< 
25 ^ " 

^ > 
81 ^ " 



> 0, iffp= 1, 7 



> 



164-60P+5P- >0,p^2,4 



324 

— > 
81 ^ " 



i >0,p = 2;-i,p = 4 



For IA.25| since p = 1, 3, 5, 7, then A > for p = 1,7 and A < otherwise. 
For IA.46| we have p = 2,4, 6. Then, A > for p = 2,4 and A < for p = 6. 
For IA.34| we have p = 1, . . . ,4 and thus A > for every p. 



For liTIOl p 
pe({ 



[|J . We have that A > if and only if 



' L2 



2n + l- y/4n - 3. . 2n + 1 + y/4n - 3 x , 
oo, ) U ( ^ , +oo) n {1, 



We can show that ^n+i V4n 3 y | ^^^^ ^^^^ A > 0, for every p = 1, 



L?J. 



' L2 



For IA.51 p = 1, . . . , n — 1. We show that A > 0, if and only if 

pe ( -1 + ^^^ ) n{l,...,n- 1} 

Since, for every n, 

_1 + < n - 1 we conclude that A > 0, if and only if 



p 



L-1 + 



J +l,...,n-l 



L^J,...,n 



2 
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1. 



Finally, we compute X = for those cases when A > 0. The values of X are 

indicated in Table I3.8[ 

□ 

Remark 3.2. For the bisymmetric triples of Type I such that Cp is scalar on n 
but A < 0, there is still a complex non real solution X = So even in these 

cases we can conclude that there exists a complex Einstein adapted metric on M 
as in li3.2S\) . These are just the cases\A^ for p > l-l + ^^^Y^\. \A.25\ for p = 3.5 
and\A.41' 



3.4 Einstein Adapted Metrics for Type II 

In this Section we study the existence of Einstein adapted metrics on bisymmetric 
fibrations of Type 11. Whereas for Type 1 any adapted metric was binormal this is 
clearly not true for Type 11, since p is not an irreducible Ad L-module. We shall 
classify all the bisymmetric triples which admit an Einstein binormal metric. 
Since for bisymmetric fibrations, in particular, F is a symmetric space, we know 
from Corollary 12.111 that for any Einstein binormal metric Qm, Qf is also Einstein. 
We shall also classify all the bisymmetric triples which admit an Einstein non- 
binormal adapted metric qm whose restriction (y'F is also Einstein. 

Since for type 11 p = pi + p2, where pj, i = 1, 2, are irreducible L-modules and n 
is an irreducible ii'-module, the existence of an Einstein adapted metric implies 
that there exist positive constants Ai, A2, such that the operator AiCp^ + A2CP2 
is scalar on n, according to Corollary 11.41 As rephrased in Corollary 13. H the 
condition above translates into 

Ai(&f - &f ) + Hht -bp) = 0, for every 0i, 02 e (3.23) 
By using Tables 13.61 and 13.71 we conclude the following: 

Lemma 3.4. The only bisymmetric triples satisfying condition ^3. 23\) are the 
cases [XT5| IAM \A4% and 



\A.^ for p=2l. n-p=2s 
\A.12\ forp=2l. n-p=2s 
lAJdi for p=2l 
\A.20\ forp=2l. n-p=2s 



A.24forp-- 



\A.55\ for p=l 
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For all other bisymmetric triples of Type II we can conclude that there exists no 
Einstein adapted metric on M. 

Furthermore, for all the triples listed in Lemma 13.41 we observe that Cp^ and Cp^ 
are scalar on n and thus Co is also scalar on n. We shall write 



Cp.,\r,= bjd,, 1 = 1,2 (3.24) 
Cp |„= bidn, for 6 = 6i + 62, (3.25) 

following the notation used in previous chapters. 

Theorem 3.2. The bisymmetric fibrations F —>■ M ^ N of Type II such that 
there exists on M an Einstein binormal metric are those whose bisymmetric triples 
are listed in Table \3.1(A Furthermore, the binormal Einstein metrics are, up to 
homothety, given by 

QM = B Ipxp ®XB Inxn, 

where X is indicated in Table lSTIR In all the cases, qn and gp are also Einstein. 

Proof: Binormal Einstein metrics are in this case given by Corollary 12.101 First 
we observe that in order to exist an Einstein binormal metric on M, Cp must be 
scalar on n and Ci must be scalar on p. The triples which satisfy the first condition 
are those listed in Lemma 13.41 Furthermore, the second condition implies that 
72 = 7i . From the cases in Lemma 13.41 we conclude from Tables 13.61 and 13.71 that 
the spaces which satisfy the condition 72 = 71 are those listed below: 

IA.3l for s = I = 2p, n = 41; in this case, 7i = 72 = ^ and 61 = 62 = |; 

IA.12I for s = / = 2p, n = 4/, / > 2; in this case, 71 = 72 = §37 &i = &2 = 

I 

2(4/-l) ' 



lA. 151 for n = 2p, p >2; in this case, 71 = 72 = and 61 = 62 - 4(2p-i) 



and 61 = 62 = 4(1^ 

21-1 h — I h — 21-1 



lA. 161 for p = 2l, n = 4/; in this case, 71 = 72 = fri and bi = 62 - 4(4^.1) , 

lA. 201 for s = I = 2p, n = Al; in this case, 71 = 72 = fji^ and 61 = 62 = 

IA.23l for n = 2p; in this case, 71 = 72 = and bi = b2 = 4^^] 

|A. 241 for p = 2l,n = Al; in this case, 7^ = 72 = |±i and 61 = 4^^, &2 = 

Now Einstein binormal metrics are given by positive solutions of (12.321) . Since 

CE,n = |, we have that there exists an Einstein binormal metric if and only if 



A = 1-27(1-7 + 26) >0, 
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(3.26) 



where 7 = 71 = 72 and b is the eigenvalue of Cp on n, i.e., b = bi + 62- In such a 
case these Einstein metrics are given by homotheties of 



We compute A: 



1 ± 

9m = B Ipxp ®XB |„xn, where X = — — — . 



A 



1X3] 

\Km 2^>o 

Except in the case IA.23[ there exists an Einstein adapted metric. The values for 
X are indicated in Table 13.101 

(7 AT is Einstein because is irreducible and gr is Einstein due to Corollary 12.1 1[ 

□ 

Remark 3.3. In the case \ A.2^ where Cp is scalar on n but A = —2^^ < 0, 
for every p, we can still consider the non-real complex solution X = which 
gives rise to a non-real complex Einstein binormal metric on M. 

Theorem 3.3. The bisymmetric fibrations F ^ M ^ N of Type II such that 
there exists on M an Einstein adapted metric such that gp is Einstein are those 
with an Einstein binormal metric, as in Theorem \ 3.2\ and Table \3.10\ and the 
fibration corresponding to the bisymmetric triple 

{3U2(l+s),SU2l © 3U2s © K, SUi © SU; © SUg © SU^ © M^), 

whose Einstein adapted metric is, up to homothety, given by 

9m = ^~ B Lxpi ©1" B |p2xp2 ®B |„xn ■ 

/ + s I -\- s 

This metric is binormal if and only if I = s. 

Proof: The only cases which may admit an Einstein adapted metric are those 
listed in Lemma 13.41 since they are the only that satisfy the necessary condition 
(13.231) for existence of such a metric. Furthermore, if we require that gp is also 
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Einstein, then we must have one of the two conditions in Corollary ??. In the 
first case, 7 = 1 = 72, (7 a/ is a binormal metric according to Corollary ??. These 
are the cases given by Theorem 13.21 and listed in Table I3.10[ In the second case, 
we have 72 = 1 — 71. By inspection of the triples listed in Lemma [3^ we conclude 
that this is possible only for the triple IA.3I when p = 21 and n — p = 2s. In this 
case 7i = 1^, 72 = = 1 - 7i, ^1 = ^ and 62 = ^ = Using Corollary 

[27[3l we obtain £1(71) = and thus Xi = ^, X2 = ^. 
□ 

For bisymmetric fibrations of Type II the classifications of all Einstein adapted 
metrics is a difficult problem due to the high complexity of the Einstein equations. 
The classification of Einstein binormal metrics and Einstein adapted metrics such 
that Qf is Einstein as well, as done above, is a way to restrict the problem in a way 
that the Einstein equations are manageable. It can be seen by Theorems 13.31 and 
13.21 that no bisymmetric fibration of Type II in the exceptional admits neither 
an Einstein binormal metric nor an Einstein adapted metric with gp Einstein. 
However, for this spaces of exceptional type is is possible to classify all Einstein 
adapted metrics with the help of Maple. Once again, since Cp^ and Cp^ must 
be scalar on n, from Lemma 13.41 we know that the only cases of Type II and 
exceptional are the fibrations IA.55I for p = 1, IA.331 IA.47I and IA.42I The results 
obtained for these cases are synthetized in Theorem 13.41 and Table 13.61 

Theorem 3.4. The only bisymmetric fibrations F M —>■ N of Type II, such 
that G is an exceptional Lie group, which admit an Einstein adapted metric are 
those whose bisymmetric triples are listed in Table lSTSi None of these metrics is 
neither binormal nor such that gp is Einstein. 

Proof: As mentioned above, it follows from Lemma 13.41 that the only cases of 
Type II with g exceptional wich may admit an Einstein adapted metric are the 
cases lA.SSl for p = 1. IA.331 fA. 471 and IA.42I We recall that for each of these spaces 
any Einstein adapted metric is of the form 

QM = 'TT^ Ipixpi ®-r;-B |p2xp2 ©-^ Inxn; 
Ai A2 

where Xi and X2 are positive solutions of the system of equations given in The- 
orem 12.51 which follows: 

271X^X2 + (1 - 7i)X2 - 272X1X2 - (1 - 72)Xi = 0, (3.27) 
261X2 + 262X1 - 2X1X2 + 2-f,X^X2 + (1 - 7i)^2 = 0. (3.28) 
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Also we recall that the eigenvalues bi and 7^, for i = 1,2, can be found in Table 
I3.6[ To show the result we use Maple and so many details are ommited. 
IA.33[1 For the bisymmetric triple IA.33I the non-zero solutions of the equations 
(13:271) and (13:281) are of the form 



Xi = ai, X2 = + 12a' - ^^a* + 19, 



7 o 2 5899 

■4"' + - —6 
where is a root of the polynomial 



t{z) = 63z^ - A32z^ + 1088z^ - 1224z + 513. 

Since Xi = ai we are interested only in positive real roots of t. This polynomial 
has exactly two positive roots which are 

— 125/3 _i_ Ve (32052/32+754^2_257gi^2^434]^gg3-)^ 

'^l — 7 ' 126 126 5/3 

^ _ 125/3 I I Ve (32052/32+754/32_257gi^2_)_434;^gg3)^ 

2 — 7 "T 126 ~'~ 126 5/3 

where ^ = (17756 + 81^7662443)1 and P = (960^^ _ 42^4 ^ 154686)3. 

Simple calculations show that ai, for i = 1,2, yields positive real values for X2 as 

well. Approximations for the corresponding values of Xi and X2 are given below: 

1 0.5526 3.6958 

2 0.7432 4.7185 

Hence, there are on M exactly two Einstein adapted metrics. 

IA.551 for p = 1) In this case the non-zero solutions of the equations (I3.27P and 

(13.281) are given by 

156 o 552 2 571 176 
Xi = ai, X2 = — —a^ + —a^ - —ai + —, 

where is a root of the polynomial 

t{z) = 234z^ - 828z^ + 993^^ - 474z + 77. 
The polynomial t has exactly four positive roots which are indicated below: 



«! = 


23 
26 




V2/3 
156 




1 
156 


a2 = 


23 
26 




V2/3 
156 


+ 


1 

156 


as = 


23 
26 


+ 


V2t3 
156 




1 

156 


a4 = 


23 
26 


+ 


V2f3 
156 


+ 


1 
156 



-36645/3+2652/3+71786/3+26460v^5 \ 2 

5/3 ) ^ 

-36645/3+2652/3+71786/3+26460v^5 ^ 2 
5/3 J 

1 

-36645/3+2652/3+71786/3+26460^25 \ 2 

5/3 J 
_ 1 

-36645/3+2652/3+71786/3+26460^25 \ 

5/3 ; 
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2 



where ^ = (136819 + 36«Vl796295)5 and /? = j^ i3€^+9i6g+35893 j 

Simple calculations show that a^, for i = 1, ... ,4, yields positive real values for 

Xi and X2 whose approximations are given below: 



2 Xi X2 

1 0.3702 4.6215 

2 0.5345 0.6682 

3 1.0499 0.6338 

4 1.5838 5.2195 



Hence, there exist exactly four Einstein adapted metrics on M. 

IA.471 for p = 2) For the bisymmetric triple lAl47l in the case p = 2, the non-zero 
solutions of the equations (13.271) and (I3.28P are of the form 

1 ^ 140 3 2 681 184 

Xi = -Oi, X2 = — —af + U8af - — + — , 

where is a root of the polynomial 

t{z) = 350z^ - lllOz^ + 1179^2 - 4922 + 69. 
The polynomial t has exactly four positive real roots which are 



«! = 


111 
140 




/3 

140 




1 
140 


02 = 


111 
140 




/3 

140 


+ 


1 
140 


"3 = 


111 
140 


+ 


/3 

140 




1 
140 


04 = 


111 
140 


+ 


/3 

140 


+ 


1 

140 



2634^/3- 


■1452/3-64526/3- 


-352505 




?/3 




2634^/3- 


-1452/3-64526/3- 


-352505 








26345/3- 


■1452/3-64526/3- 


-352505 








26345/3- 


■145^/3-64526/3- 


-352505 



1 

2 



where ^ = (290727 + 5002v/53545)^ and (3 = ( ^^g'+^^f +™ ) I 

Simple calculations show that a^, i = 1, ... ,4, yields positive real values of Xi 

and X2 whose approximations are given below: 



2 Xi X2 

1 0.3086 7.4890 

2 0.4686 0.6737 

3 0.9326 0.6496 

4 1.4616 8.1878 



Hence, there are on M exactly four Einstein adapted metrics. 

IA.47^ for p = 4) For the bisymmetric triple El47l in the case p = 2, the non-zero 
solutions of the equations fl3.27l) and fl3.28p are given by 
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100 o 262 

Xi = ai, X2 = — —a^i + lOOa^ _ + 26, 

where is a root of the polynomial 

t{z) = 200z^ - 600z^ + 614^2 _ 264z + 39. 

Since Xi = ai, only positive roots of t yield positive solutions of the equations 
above. The polynomial t has exactly two positive roots which are indicated below: 

_ 3^ I ^ _ V3 122g^/3^+g-^/3^-1151/3^+1620g3 
1 ~ 4 ~'~ 60 60 £,13 

^ Mi A_ §1 t V3 122g2/32+g4^2_;^i5^^2^^g20g3 

"2 4 ~'~ 60 60 5/3 

where ^ = (109457 + 180\/416842)^ and /? = (14^^ ^ ^317^ ^ 64526)i 

Simple calculations show that ai, i = 1, ... ,4, yields positive real values of Xi 

and X2 whose approximations are given below: 

I Xi X2 

1 0.3143 7.3931 

2 1.4375 8.0839 

Therefore, there are on M exactly two Einstein adapted metrics. 

IA.471 for p = Q) For the bisymmetric triple lAl47l in the case p = Q, the non-zero 
solutions of the equations (13.271) and (I3.28P are of the form 

Xi = 3ai, X2 = -^^^3 ^ g2o^2 _ 235^ + 24, 
3 

where is a root of the polynomial 

t{z) = 1250^^ - 1230^3 + 415^2 _ gg^^ ^ 3^ 
This polynomial has exactly two positive roots which are 



_ 41x3^^/3 I sisi/j'^ _ sisiy^ (3887\/35^g^/3^+125\/3g^/3^-20875v^5§/3^+527553x5§g^)^ 
"^1 ~ 1500 ~'~ 22500 22500 

_ 41x3ig)3 I sisi/j^ 5§3i V6 (3887v^5^g^)3^+125V3g'^/3^--20875v^5§/3^+527553x5Sg'^)^ 
2 ~ 1500 ~'~ 22500 ~'~ 22500 £f3 

where ^= (14027+18^2^483323)5 and /5 = (3887x 5i^2_25o x 55^^ + 208750)i 
Simple calculations show that ai, i = 1, ... ,2, yields positive real values of Xi 
and X2 whose approximations are given below: 

I Xi X2 

1 0.3163 7.3606 

2 1.4292 8.0485 
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Hence, there are on M exactly two Einstein adapted metrics. 

IA.42h In this case there is no Einstein adapted metric on M. We get that, in 
particular, X2 would be a root of the polynomial 

t{z) = 9/ - 195^^ + 1198^2 - 13952 + 464, 

but t does not admit any positive root. 

□ 

In the classical case, similar methods as those briefly exposed in the proof above 
may be attempted to obtain solutions for the Einstein equations. However, as 
it can be read from Table 13.71 the eigenvalues depend on parameters in general 
which would retrieve very complicated equations. Though for the bisymmetric 
triples which satisfy one of the conditions 71 = 72 or 72 = 1 — 71 it is possible 
to classify all the Einstein adapted metrics by using Corollaries 12.141 and 12.151 
respectively. For these spaces, the Einstein adapted metrics qm whose restriction 
Qf is, also Einstein were classified in 13.31 So it remains to obtain all the other 
possible Einstein adapted metrics. 

Theorem 3.5. Let F M N be a bisymmetric fibration of Type II such that 
72 = 7i or 72 = 1 — 7i . // there exists on M an Einstein adapted metric such 
that Qf is not Einstein, then the corresponding bisymmetric triple {q, t, I) is one 
of the triples in Table \3.11\ 

Proof: In the only case when 72 = 1 — 71, IA.3I for p = 21 and n = 2{l + s), 
we have 71 = ^, 72 = ^, 61 = ^ = f and 62 = = The 

required metric should be given by Corollary 12.151 (ii). Simple calculation show 
that -D(7i) = — ^7i(l — 7i) < 0, for every l,s, since < 71 < 1. Hence in this 
case there are no other Einstein adapted metrics besides those found previously. 

The cases such that 72 = 71 are those listed in the proof of Theorem 13. 2[ In this 
case, there exists an Einstein adapted metric such that Qf is not Einstein if and 
only if D(7i) > 0, where 

D(7i) = Ar\l - 71) - 271(262 + 1 - 7i)(2&i + 1 - 71), 
according to Corollary 12.141 (ii). 

In the cases IA.3I for s = I = 2p, n = 41, IA.15I for n = 2p, IA.23t for n = 2p, as 
in the proof of 13.101 we have &i = 62 = 4- Hence, we simplify the expression for 
D{ji) given above as 
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D(7i) = ^(-7? + H - 671 + 2) (3.29) 

For IA.31 s = 1 = 2p, n = 41, we have 7i = ^ and -D(|) < 0; for IA.15[ n = 2p, p > 
2, we have 71 = and -D(7i) > only for p = 2, . . . , 6; for IA.231 n = 2p, 
7 = and D < 0, for every p > 1. 

For the case lA.12| with s = I = 2p, n = 41, I > 2, as in the proof of 13.101 we have 
7i = and 61 = 62 = 2{J-i) ~ ^'^^ ^^i^ case, we have 

D(7i) = -^(7i-l)(37i-l)(37i-2). 

Since 7 G (f , |), we have -D(7i) < 0, for every 7 and thus there is no positive 
solution. 

For IA.161 where p = 21, n = 41, we have 71 = |^ and hi = 2(ai-i) ~ ^~a^i 
^2 = 4(4;~\-) = rewrite -D(7i) as follows: 

D(7i) = i(l-7i)(37i'-67i + 2). 

Since 71 = G (|, |), simple calculations show that 37^ — 671 + 2 > only for 
/ = 1. So only for / = 1 exists a metric with the desired properties. 

For lA.20t with s = 1 = 2p,n = 41, we have 71 = ^^"^ &i = &2 = 4(4/^ = 
Hence 

D(7i) = i(l-7i)(257?-257i + 8). 

As 257^ — 2571 + 8 > 0, for every 71, there exists a metric with the required 
properties for every / > 1. 

In the case IA.241 for p = 21, n = 41, we have 71 = |^ and hi = 4^J_^_j^^ = ^—^i 
- 4(4/+i) - 4 • -LJ-iub 

D(7i) = J(l-7i)(57?-107i+4). 

Since 71 G |), we conclude that 87^ — IO71 + 4 > 0, for every / > 3. Hence, 

there exists an adapted Einstein metric for every Z > 3. 

□ 



Remark 3.4. For the triples in Lemma\3.4\ where Cp. is scalar on n, such that 



-D(7i) < 0, we can still consider the non-real complex solutions Xi,X2 which 
gives rise to a non binormal Einstein adapted metric on M with non-real complex 
coefficients. The spaces in these conditions are the cases lAT^ for solutions of the 
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form X2 = ond for solutions of the form X2 = we have the cases [Agj 
s = p = 21, n = Al, for every I, \A.15\. n = 2p, for p > 5, \A.23\. n = 2p, for every 
p, 1X71 with s=p = 2l,n = Al, for I > 2, 1X71 p = 2l,n = 41, for I > 2, \AJ4 
p = 2l, n = 4l,forl = 1,2. 



3.5 Application to 4-symmetric Spaces 

A homogeneous space G/L is said to be a 4-symmetric space if there exists a G 
Aut{G) such that 

(a)o C L C a 

and a has order 4. Compact simply connected irreducible 4-symmetric spaces 
have been classified by J.A.Jimenez in [20] following the previous work of V.Kac 
(see e.g. [16], Chap.X), J. A Wolf and A.Gray [H]. It is shown in [20j that any 
compact simply connected irreducible 4-symmetric space is the total space of a 
fiber bundle whose fiber and base space are symmetric spaces and the base is an 
isotropy irreducible space of maximal rank. These spaces are fully described in 
Tables III, IV and V in [20]. Hence, for each compact simply connected irreducible 
4-symmetric space M there is a bisymmetric fibration F ^ M ^ N oi maximal 
rank whose base space N is isotropy irreducible. The bisymmetric triples (g, fi, [) 
corresponding to 4-symmetric spaces of maximal rank must be some of Tables 13.41 
13.51 13.61 and 13.71 Hence, a simple comparison between the Tables in this chapter 
and the classification in [20] allow us to easily conclude about the existence of 
Einstein metrics on 4-symmetric spaces. 

From Theorem 13.11 and Tables 13.81 and 13.91 we conclude the following: 

Corollary 3.2. Let M = G/L be a compact simply connected irreducible 4- 
symmetric spaces of Type I and {q, t, t) a bisymmetric triple corresponding to M 
such that L G K . If M admits an Einstein adapted metric, then (g, 6, [) is one of 
the triples listed below, 
(i) In the exceptional case: 

(f4,S09,S07©M), 
(f4,Sp3©SU2,Sp3©M), 

(02,SU2 ©SU2,5U2 ©M), (g2,5U2 ©SU2,M©SU2), 
(C8,S0i6,502p ©S0i6-2p), P = 1,3, 
(C7,S0i2 ©SU2,S0i2 ©M), 

(e6,soio ©M,S08 ©M©M), 

(e6,SU6 © SU2,5U6 © M), 
(e6,5U6 ©SU2,5U5 ©R©SU2), 
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(ii) in the classical case: 

(502n+l5 S02p+l © S02(n-p) , S02p+l ©U„_p), 
(502n,302p © 502{n-p), Up © S02(n-p)), 

(sp„,spp©sp Up ©Sp„_p). 

Prom Theorem 13.31 and Tables 13.101 and 13.111 we obtain the following results for 
Type II. 

Corollary 3.3. Let M = G/L be a compact simply connected irreducible 4- 
symmetric spaces of Type II and {q, t, I) a bisymmetric triple corresponding to M 
such that L C K. If M admits an Einstein adapted metric qm such that Qf is 
also Einstein, then (g, 6, [) is either 

(sOs/, SO4/ © 50ii,S02l © SO21 © SO21 © SO21) 

or 

(SU2(/+,), SU2/ © 5\X2s © M, SU; © SU/ © SU^ © SU^ © M © M © M) . 

The Einstein metric is binormal in the first case and in the second for I = s. 

Finally, the result below follows from Theorem 13.41 and Table 13. 6[ 

Corollary 3.4. Let M = G/L be a compact simply connected irreducible 4- 
symmetric spaces of Type II, such that G is an exceptional Lie group, and {g, t, I) 
a bisymmetric triple corresponding to M such that L G K. If M admits an 
Einstein adapted metric, then (g, i, t) is one of the following three cases: 

(e6,SU6 ©SU2,SU5 ©M©]R) 

(e7, SO12 © SU2, 50io © M © M) 

(C7,S0i2 ©SU2,506 © SOg © M) . 

There are 4 Einstein adapted metrics for each of the first two cases and 2 for the 
last case. None of these metrics is binormal or such that the restriction to the 
fiber is Einstein. 

Remark 3.5. We observe that for the Asymmetric spaces corresponding to the 
first two cases the base space considered by Jimenez is different from the one 
indicated above. In this two cases, the bisymmetric triples considered in ^20] are 

(e6,50io©M,su5©M©M) 
(er, e6©M,soio©M©M). 

For these triples there is no Einstein adapted metric since the Casimir operator 
of p is not scalar. 
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3.6 Tables 



Table 3.1: Dual Coxeter Numbers 
Coxeter group Dual Coxeter number 

An n + 1 

Bn 2n - 1 

Cn n+1 
Dn 2n - 2 

12 

18 

E^ 30 
9 

G2 4 



Table 3.2: Symmetric pairs of compact type of maximal rank - Exceptional Spaces 






t 







u 




)SU2 


e? 


SU8 




u 


SOg 




e? 


ee® 


M 


02 


SU2 9 


) SU2 


e? 


S0i2 


® 5U2 




SOlO 


® R 


es 


S0i6 






SU6 S 


)SU2 




er® 


SU2 



Table 3.3: Symmetric pairs of compact type of maximal rank - Classical Spaces 






t 


S02n 






SOn 


S02p 


® S0„_2p 


Spn 


u„ 




Spn 




^ Sp„_p 


SUn 


sup g 


) SUn-p ® R 
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Table 3.4: Bisymmetric triples of type I and their eigenvalues - Exceptional spaces 



Appendix 


i I 


7 


60 


IA.25I 


U 


509 




SOp ( 


B SOg-p, p = 1, 3, 5, 


7 


7 

9 


p(9-p) 
72 


IA.26I 


u 


Sp3 ( 


BSU2 


Sp3 ( 


BM 




2 
9 


J_ 

18 




IA.27I 








U3 (£ 


SU2 




4 
9 


1 2 
4 ' 9 




IA.28I 








5p2 (. 


B SU2 © SU2 




4 
9 


1 1 
9' 18 




IA.31I 


02 


SU2 ( 


BSU2 


M® 


SU2 




1 
2 


1 
8 




|A.32| 








SU2 ( 


BM 




1 
6 


]_ 

6 




|A.34| 


^8 


S0i6 






© S0i6-2p, P — 


■A 


1 
5 


p(8-p) 
60 




|A.35| 








U8 






1 
5 


J_ _3_ J7_ 

15 ' 15 ' 15 




IA.36I 


e8 


ey © 


SU2 




M 




1 

15 


J_ 

60 




IA.37I 








ee © 


IR©SU2 




3 
5 


11 9 
60' 20 




IA.39I 








S0i2 


© SU2 © SU2 




3 
5 


4 1 
15' 5 




1 A /111 

IA.41I 








SUs ( 


BSU2 




3 
5 


1 
4 




IA.43I 


ey 


S0l2 


©SU2 


S0i2 


©M 




1 
9 


1 

36 




IA.44I 








U6 © 


SU2 




5 
9 


1 5 
6' 18 




|A.46| 








SOp ( 


BS012-P ©SU2, _p = 


2,4,6 


5 
9 


p(12-p) 
144 




IA.48I 


e? 


ee ® 


E 


SOlo 


©M©M 




2 
3 


2 14 
9' 6' 9 




|A.49| 








SU6 ( 


B SU2 © M 




2 
3 


5 2 
18' 9 




















i' 


1 


|A.50| 


ey 






SUp ( 


B SU8-P © R, 1 < p 


< 4 


4 
9 


9 ' 6 ' ^ 

9 ' 3 ' ^ 

2 4 11 

9' 9' 36' ^ 


2 
3 

4 


IA.51I 


ee 


50io 


®R 


U5 © 


R 




2 
3 


5 1 1 
12' 6' 4 




|A.52| 








SOp ( 


Bsoio-p ©R, p = 2,4 


2 
3 


p(lO-p) 
96 




IA.53I 




5U6 ( 


BSU2 


SU6 ( 


BR 




1 
6 


1 

24 




|A.54| 








SUp ( 


B SU6-P © R © SU2 




1 
2 


p+2 p 
24 ' 8 
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Table 3.5: Bisymmetric triples of type I and their eigenvalues - Classical spaces 



Appendix 


fl t I 


7 








sUp ® su„_p ® E 




5 sup_/ © E © su„_p © E 


£ 

n 


2n ' 2n 


|A.4| 

IA.51 
IA.6I 


S02n+1 


S02p+i ® S02(„_p), p = 0, . . . , n - 1 


S02;+l ffi S02(p-/) ffi S02(n-p) 


2p-l 


p-i 4;+i 


2n-l 
2(n-p-l) 


2n-l' 4(2n-l) 
n— p— s s 






^U2p- 
S02p- 


f i 07 ^112^ TO •»i'2(n-p-s) 
f 1 © U„_p 


2n-l 

2(n-p-l) 
2n-l 


2n-l ' 2n-l 

n—p—1 
2(2n-l) 


1^ 


S02n 


u„ 




u„_p, p = 1, . . . ,n - 1 


n 


n— p p n — 2 


2(n-l) 


2(n-l) ' 2(n-l) ' 4(n-l) 


lA.lOl 
IA.13I 




S02p®S02(„_p), p = l,...,[fj 


S02i 
Up © 


©S02(p-0 ©S02(n-p) 
S02(n-p) 


p-1 
n-1 

p-1 

n-1 


p-i ( 
2(n-l)' 2(n-l) 

p-1 
4(n-l) 


IA.17I 


5pn 




Up © 


u„-p, p = 1, . . . , n - 1 


n 


n— p n-p p p n+2 


2(n+l) 


2(n+l) ' n+1' 2(n+l) ' n+1' 2(n+l) 


IA.18I 
IA.21I 


sp„ 




spi Q 

Up © 


3 5pp_; © Spn-p 
Spn— p 


p+l 
n+1 

P+l 

n+1 


p-l I 
4(n+l) ' 4(n+l) 

p+l 
4(n+l) 



Table 3.6: Bisymmetric triples of type II and their eigenvalues - Exceptional spaces 
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Appendix 





t 


r 
I 






71 


72 


h<t> 


^2 


IA.29I 
IA.30I 


u 


Sp3 ® SU2 


U3 © 

SU2 a 


R 

3 Sp2 © K 




4 
9 

4 
9 


2 
9 

2 
9 


f 1 1) 

V4' 9/ 
V9' 18/ 


1 

18 
1 

18 


IA.33I 


02 


5U2 © SU2 


K©] 


R 




1 
2 


1 

6 


1 
8 


1 
6 


IA.38I 
IA.40I 
|A.42| 




ey © SU2 


ee © 

S0i2 

sus Q 


K©]R 
S SU2 © K 




3 
5 

3 
5 

3 
5 


1 

15 
1 

15 
1 

15 


11 11 9 ^ 

V60' 60' 20/ 

V 15 ' 5/ 

1 
4 


1 

60 
1 

60 
1 

60 


IA.45I 
IA.47I 




50i2 © SU2 


U6 © 
50p Q 


R 

3S012-P € 


M, p even 


5 
9 

5 
9 


1 

9 

1 

9 


(1. 1 A) 

V18' 6' 18/ 
1 

36 


1 

36 

p(12-p) 
144 


IA.55I 


26 


SU6 © SU2 




) SU6-P © 


R©R 


1 
2 


1 

6 


1 

24 


p+2 p 
24 ' 8 



Table 3.7: Bisymmetric triples of type II and their eigenvalues - Classical spaces 
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71 


72 


bi 






SU„ SUp © SUn-p © K SU; © SUp-l © SUs © SUn-p-s © M © R © R 


p 

n 


n—p 
n 


V 2n ' 2n/ 


( n—p—s s \ 
\ 2n ' 2n) 


[X8l 
IA.71 


S02,i+1 S02p+1 © S02(„_p) SO2/+I © S02{p-l) © S02s © S02(n-p-s) 

SO2/+1 ©S02(p-;) ©U„„p 


2p-l 


2(n-p-l) 


( p-i 4/+1 ^ 


(n-p-s s \ 


2p-l 


2n-l 
2(n-p-l) 


V2n-1 ' 4(2n-l)/ 
( p-l 4/+1 \ 


V 2n-l ' 2n-iy 
n—p—1 


2r!.-l 


2n-l 


V2n-1 ' 4{2n-l)J 


2(2n-l) 


IA.12I 
|A.15| 


S02n S02p © S02(„-p) SO2/ © S02(p-;) © S02s © S02(n-p-s) 

Up © Un—p 

502/ ©S02(p-;) ©U„_p 


p-1 
ri-1 

p-1 
n-1 

p-1 
n-1 


n—p—1 


( p-l I \ 


/ n—p—s s \ 


n-1 
n—p— 1 


V2(n-1) ' 2(n-l)/ 
p-1 


V2(n-1) ' 2(n-l) J 
n—p— 1 


n-1 

n—p— 1 


4(n-l) 
(p-l I \ 


4(n-l) 
n—p—1 


IA.16I 


n-1 


V2(n-1) ' 2(n-l)y 


4(n-l) 




Spn Spp © Sp„_p 5pi © Spp_; © Sps © Sp„_p_s 

Up © Un—p 
Spi © Spp_; © U„_p 


p+1 
n+1 

p+1 
n+1 

p+1 
n+1 


n— p+1 


(p-l I \ 


/ n-p-s s \ 


IA.20I 


n+1 

n— p+1 


V4(n+1) ' 4(n+l) / 
p+1 


V4(n+1) ' 4(n+l) / 
n— p+1 


IA.23I 
|A.24| 


n+1 

n— p+1 


4(ji+l) 
(P-l I \ 


4(ri+l) 
n— p+1 


n+1 


V4(n+1) ' 4(n+l) / 


4(ri+l) 



Table 3.8: Einstein Bisymmetric triples of type I - Exceptional spaces 
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2' ^ 


fi SOg BOs 
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9±V8 
14 


fl2 SU2 ® SU2 K ® SU2 


1 3 
2' 2 

6±\/22 
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1.1 


ee 5U6 ® SU2 K ® SU5 ® SU2 
sue eM 
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1 11 

2' 2 


ey 60i2©SU2 SO12 © M 

M® SOlO © SU2 
SO4 © SOg © SU2 


17 1 
2 ' 2 

1 13 
2' 10 

1 ^ 


ey sus sur © M 


1 7 

2' 4 


es e7 © 5U2 e7 © M 


1 29 
2' 2 


es SO16 502p©S0l6-2p 


15±^7p2-56p+113 
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Table 3.9: Einstein Bisymmetric triples of type I - Classical spaces 



CO 



e I 




S02n S02p © S02(„_p) sOp ® sOp ® S02(n-p) , P even 

Up © S02(„_p) 


n-l±i/p2_(2„+i)p+„2_|_i 

2(p-l) 

In 1 
2' p-1 2 


S02n+i S02p+i ® 502(„-p) 502p+i ® 50„_p ® so„_p, n — p evcn 

S02p+1 ® U„_p 


2n-l±i/4p2+8p-4ra+5 
4(n— p— 1) 

1 n+p 
2' 2(n-p-l) 


Spn Sp2; ® 5pn-2; Sp; © Sp; © Sp„_2i 

Up 0pT^_p 


n+l±y'6P + (3-4n)(+n2 + l 
2(2(+l) 

1 1 1 n—p 
2' 2 p+1 


5U„ SU2( © SU„-2; © K SU; © 5U; © R © SU„_2; © M 


In 1 
2' 2i 2 



Table 3.10: Bisymmetric triples of type II with Einstein metric such that gp is 
also Einstein 



qm binormal 





e 




[ 




X 


SU4; 


SU21 


© SU2Z © ] 




D SU; © ©5Ui © SU; © 


1 






©504/ 


SO21 


© 502/ © 502/ © SO2I 


1 

2i-l 




S04; 


©SO4; 


SO21 


© 502/ © U2I 


4i-l±V27 
2(2i-l) 






©S02; 


Ul © 


ui,l>2 


2l-l±^/2l^ 

2(1-1) 


sp4; 


Sp2/ 


esp2; 


sp/ C 


d spl © spl © spz 


4; + l±V4/^+2/+l 
2(2(+l) 


Spl/ 


SP2/ 


9 sp2/ 


5p/ - 


=^ sp/ 9 112/ 


4/+l±i/l(2i-l) 

2(2/-.n 
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fl t I 


Xl 


X2 


SU2(l+s) SU2I © SU2s © M SU; © SUi © SU^ © SUg © 


l+s 
21 


l+s 
2s 



80 



Table 3.11: All other Einstein 



adapted metrics for the bisymmetric triples of Type II which admit an EAM qm such that gp is Einstein 









SOil 502i©502i U; ©Ui, Z = 2, . . . ,6 

SOg SO4 ® SO4 M © R © U2 

Sp4i Sp2; © Sp2i sp; © Spi © Sp; © Sp;, Z > 1 

Sp4i Sp2; © Sp2i spi © spi © U2i, Z > 3 


2;(/-l)±y'(-i''+7i3-5i2+i)/2 


; 1 


2(;-i)(3i-i) 

4±V6 
5 

4;+l±v'14i^+7!+4 
5(2i+l) 

2(4;+l)±V4Z^-8(-l 
5(2Z+1) 


2(1-1)- Xi 

1 

Xi 

I 1 

21+1 ■ Xi 

; 1 

21+1 ■ Xi 



Table 3.12: Einstein bisymmetric fibrations of Type II with g exceptional 
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CHAPTER 4 



In this Chapter we consider a fibration 

APGo X A^Go Gl Gl 



A"Go A"Go ApGo A^Gq 

where Gq is compact connected simple Lie group and A'^Gq is the diagonal 
subgroup in G™, for m = p,q, n. The spaces are n-symmetric spaces and it 
has been proved by Kowalski that under some conditions they are not fc-symmetric 
for /c < n (see e.g. |^). Hence, throughout this Chapter we shall designate such a 
space by a Kowaslki n-symmetric space. McKenzie Y. Wang and Wolfgang Ziller 
have shown that these spaces are standard Einstein manifolds ([15], [36]). We 
obtain new Einstein metrics with totally geodesic fibers. In section 1 we describe 
the isotropy subspaces and compute the necessary eigenvalues to obtain the Ricci 
curvature of an adapted metric on M. In Section 2 we show that, for n > 4, 
there exists at least one non-standard Einstein adapted metric on M, which is 
binormal or such that the metric on the base space is also Einstein if and only if 
p = q. We prove that for n = 4 the standard metric is the only Einstein adapted 
metric. We remark that for n = 4 the fibration above is a bisymmetric fibration 
of non-maximal rank and whose base space is isotropy reducible in opposition to 
the cases studied in Chapter 3. 

4.1 Kowalski N-Symmetric Spaces - The Isotropy 
Representation and the Casimir Operators 

Let Go be a compact connected simple Lie group and Qq its Lie algebra. For any 
positive integer m we denote by G™ (or q^) the direct product of Go {qo, resp.) 
by itself m times. By A'^Go (or A™go) we denote the diagonal in G™ (in g™, 
resp.). Clearly, the Lie algebras of G"^ and A^Go are 0™ and A'^Qq, respectively. 

Let n,p, q be positive integers such that p + q = n and 2<p<q<n — 2. Set 
G = Gq and consider the following closed subgroups of G: 

K = A^Go X A<?Go, 



83 



L = A"^^ C K. 



The Lie algebras of G, K and L are, respectively, 

1 = A"0o- 

Following the notation of previous chapters, we write M — G/L, N — G/K 
and F = K/L. We consider the fibration F ^ M ^ N. We note that N = 
St- X -ttSt- and thus this fibration is 



ApGo A^Go 



/^n r^P /^q 



A'^Go AfGo A«Go 
with fiber 

A^Gq X A^Gq 
A-Go ■ 

Let $0 be the Killing form of Qq. Then, the Killing form of g is 

$ = ^$0 + . . . + ^q . 

n 

Following the notation of chapters 2 and 3, let n be the orthogonal complement 
of t in and p be an orthogonal complement of i in I, with respect to Then, 

= [ © p ©n 

and we write m = p © n. 

Lemma 4.1. (i) p = {{qX, . . . ,qX,—pX, . . ^—pX) : X e 0o} and p is an 

P Q 

irreducible Ad L-module; 
(a) n — ni®n2, where 

V 

n2 = {(0, . . . ,0,Xi, . . . : X,- e 00, = 0} C Op X 0^; 
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Proof: Let ( Z, . , Z) e I and { X, . , X^ ,Y, . ,Y) e 6, where X, F and Z are 

n P <1 

arbitrary elements in go- 

0= $((X,...,X,F,...,F),(Z,...,Z)) 

= p$o(X,Z) + g$o(F,Z) 
= $o(pX + gF,Z) 

Since $o is non-degenerate on go and Z is arbitrary, the identity above is possible 
if and only if pX + qY = 0. Hence, we conclude that p is formed by elements of 
the form 



( gX,...,gX , -pX,. . .-pXj , 

P Q 

where X G go- Moreover, it is clear that Ac? L-submodules of p correspond to 
ideals of go- Since go is simple we conclude that p is irreducible. 

Clearly, we may write n = rii © n2, where Ui is an orthogonal complement of 
A^go X in go X and 1x2 is an orthogonal complement of x A'^go in x g[^, 
with respect to $. 

Let (Xi, . . . , Xp, 0, . . . , 0) e g{; X and (Z, . . . , Z, 0, . . . , 0) G A^go x 0, where Z 
and Xj are arbitrary elements in go- 

0= $((Xi,...,X„0,...,0),(Z,...,Z,0,...,0)) 

= %{X,,Z) + ... + %{Xp,Z) 

Also by the nondegeneracy of $0? "we conclude that the identity above holds if 
and only if Yl^j=i-^j ~ 0- This gives the required expression for rii. To prove the 
expression for n2 is similar. 

□ 

As usual we denote the Casimir operator of a subspace V with respect to $, the 
Killing form of g, by Cy (see Definition II. 3p . Also, we denote the identity map 
and the zero map of V, by Idy and Oy, respectively. 

Proposition 4.1. (i) Cg = Id^; 

(li) Ci = -Idg; 
n 

q p 
(Hi) Cn = — IdaP X — Id„q; 
^ ^ ^ np ^0 nq 

85 



fiv) Cp = -Id„p X -Id„i; 

^ ^ p 0(1 g So' 



Proof: Let and (wQj be bases of Qq dual with respect to $o- Then the Casimir 
operator of 0o with respect to $o is C'g,, = ad„.ad„^ We observe that since Qq 
is a simple Lie algebra, Cg^ = -^^^go- 

(i) 

{(w„0,...,0),(0,M„...,0),..., (0,0,. 

and 

{K,o,...,o),(o,ii:,...,o),.. .,(0,0,. 

are bases for q. We have 

$((0, . . . . . . , 0), (0, . . . , u'j , . . . , 0)) = 5ki%{ui, u'j) = SkAj. 

Hence, the bases above are dual for $ and thus we may write 

Cfl = «c?K,o,...,o)arf(u^,o,...,o) + ■ ■ ■ + «c^(o,...,o,«i)ac?(o,...,oX) 
= (Ei aduMur, 0, . . . , 0) + . . . + (0, 0, . . . , adu,adu>.) 

— (C'flo ) ■ ■ ■ ) C'go ) 
~ i-^dgg, . . . , /C?0o) 

(ii) {(iij, . . . , and {(xi^, . . . , u'j)}i are bases for I and we have 

n 

Hence, {-j^{ ui, . .j , and {;^(m^, . . . , are bases for [ dual with respect 

n 

to So we have 
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n 



n 



(^00' • • • ' ^00 ) 

/ 1 



n 
1 



{Idgo,...,Id 



Bo) 



-Id,. 



(iii) {fguj, . . . , qUi, -pui, -puMi and {{qu'^, qu[, -pu'^, -pu'^ji are bases 
of p. 

^((qui, qUi, -pUi, -pUi), (qu'j, qu'j, -pu'j, -pu'j)) 
= q^p^Q{ui, u'j) + p^q%{ui, u'j) 

= (p + q)pqSij 
= npqSij. 

Hence dual bases of p for $ are as follows: 

(;^) (;^) ~ (^) Iii, ■ ■ ■ , - u, 



Similar calculations as those done above show that 

Cp = — (Cgo> ■ ■ ■ > Cgo) X — (C0o> ■ ■ ■ > ^"00) = "-^'^sg ^ ~^^5l- 
np nq np "° nq "° 



IV 



Cj = Ci + Cp = ( - + — 1 IdaP X ( - + — I /rfa-^ = -Id„p X i/ci„.. 
^ \n npj ^0 P ? 



(v) 



C,, + = C„ = - = ( 1 - ^ ^ X 1 - i ) /dg. 



Since [rii, g] C 0o ^ and [1x2, 0] C x 0q, we conclude that 
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□ 

For the eigenvalues of the Casimir operators of [, t, p and n we use notation 
similar to that used in previous chapters. We recall that C(_p is the eigenvalue of 
C[ on p, j is the eigenvalue of on rij. The Casimir operator of p is scalar on 
rij, as we can see from Corollary 14.11 and 6* denotes the eigenvalue of Cp on rij, 
for z = 1,2. Also Cni,p and 7 are the constants defined by 



.) |pxp= Cn,,p$ Ipxp, ^ = l,2 (4.1) 
<f(a,.)lpxp=7<^>lpxp. (4.2) 

Corollary 4.1. (i) = — ; 

n 

(a) Cp is scalar on n,-, j = 1,2 and = — and = — ; 

np nq 

(Hi) cti = — and = -,' 
p ' q 

[iv) 7 = ; 

npq 

M c - ~ and c - ~ 

V "-ni.p — '-n2,p ~ 

pn qn 
Proof: The number C( p is the eigenvalue of the Casimir operator of [ on p. Thus, 

it follows from Proposition 14.11 (ii), that C(p = — . Since Ui C x and n2 C 

n 

X Qq, we conclude from Proposition 14.11 (iii) that Cp is scalar on Ui and on 

moreover its eigenvalues on these two spaces are b^ = — and 6^ = — , 

np nq 

respectively. Similarly, it follows from Proposition 14.11 (iv) that the eigenvalues 

of Ci on rii and on n2 are cn = - and Ct2 = -, respectively. Now to show (iv) 

p ' q 

we recall that 7 is defined by the identity 



$(Cr,-) |pxp= 7'^' Ipxp • 
Let ( gX, . . . , gX , -pX, . . . - pX) e p. 

P Q 

mqX, . . . , gX, -pX, . . . - pX), (gX, . . . , gX, -pX, ... - pX)) 
= {q\p + p^q)%{X,X) 



= npq%{X,X) 
By using Proposition 14.11 (iv) we get the following: 
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$(C,(gX, . . . , gX, -pX, ...-pX), (qX, ...,qX, -pX, ... - pX)) 
$((JX, . . . , JX, -|X, . . . - f X), (gX, . . . , gX, -pX, ... - pX)) 



(fp + f.g) <|.o(X,X) 



= ip' + q')MX,X) 
q^ + 

Therefore, 7 = . 

npq 

Finally, for j = 1, 2, the numbers Cn.^p are defined by 

^{Cnj-, ■) |pxp= Cnj,p'!& Ipxp • 

From Proposition 14.11 (v), we obtain the following: 

$(Cn, (gX, . . . , gX, -pX, ...-pX), (gX, . . . , gX, -pX, ... - pX)) 
= $(((l-i)gX,...,(l-i)gX,0,...,0),(gX,...,gX,-pX,...-pX) 

= (^^.p$o(X,X) 

= (p-l)g2$o(X,X) 

iheretore, Cm p = = . bimilariy, we show that p = • 

npq np ' qn 

□ 

4.2 Existence of Einstein Adapted Metrics 

In this Section we investigate the existence of adapted metrics on M with respect 
to the fibration 

/^n r^P ryQ 

A"Go APGo A«Go' 
as in previous Section. We shall consider adapted metrics of the form 

5'A/ = fl'Af(A,Aii,Ai2) (4.3) 

with respect to the decomposition m = p © rii © 1x2, i.e., qm is induced by the 
scalar product 

ni xni n2Xn2 

(4.4) 
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on m, where B = — $, the negative of the Kilhng form. We observe that rii and 
n2 are inequivalent Ad K-modn\es, but they are not irreducible, for n > 4. Hence, 
adapted metrics on M are not necessarily of the form (14.31) . However, throughout 
we shall focus only on adapted metrics of the form qm = gui^, f^i, f^2), unless it 
is exphcitly stated otherwise. 

We recall that it has been proved by McKenzie Y. Wang and Wolfgang Ziller 
([45]. [36] ) that the homogeneous space M = > „^ , > 2, is a standard Einstein 



A" Go 

manifold. Hence, there exists at least one Einstein adapted metric of the form 
(14. 3p . Indeed, by Corollary 11.21 and Corollary 14. ![ the Ricci curvature of the 
standard metric is simply 

ffic=l(i + c,,„,)B=(i + yB. (4.5) 

Consequently, the standard metric is Einstein. The standard metric is an example 
of a binormal metric on M with respect to the fibration M —>■ N. Below we shall 
classify all the binormal Einstein metrics on M. 

Although the submodules rii and 1x2 are not Ac? i^- irreducible for n > 4, the 
Casimir operators of 1, t and p are always scalar on rii and on n2. Hence, it 
is enough to consider one irreducible submodule in Ui and one irreducible sub- 
module in n2, for effects of Ricci curvature. Therefore, according to Theorem 12. II 
(2.19), there is an one-to-one correspondence, up to homothety, between binor- 
mal adapted Einstein metrics on M and positive solutions of the following set of 
equations: 

5Ul-X)=5[, (4.6) 

(7 + 2c(,p)X2 - (1 + 2c,,,) X + (1 - 7 + 26^) = 0, J = 1, 2 (4.7) 

Given a positive solution X, then binormal adapted Einstein metrics are given, 
up to homothety, by 

gu = 5'm(1,^), 

i.e., are induced by scalar products of the form <, >= B |pxp Q)XB |nxn on m. 
Theorem 4.1. Let us consider the fibration 

r^n r^P /^g 

M=—^ > ° X ° =Ar 

A^Go APGo A^Go 

where p + q = n and 2<p<q<n — 2. 
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If p ^ q or n = 4, then there exists on M precisely one binormal Einstein metric, 
up to homothety, which is the standard metric. For n > 4 and p = q, then there 
are on M precisely two binormal Einstein metrics, up to homothety, which are 
the standard metric and the metric induced by the scalar product 

n 

-D Ipxp ©■^-D |nxn • 

Proof: From Corollary 14.11 we obtain that — '^h ~ = p ^ y whereas 
'^12 — ~ '^[,2 — n ~ n ~ ^- Hence, Equation (14 .Op implies that X = 1 oi p = q. 
So if p 7^ q, if there exists a binormal Einstein metric it must be the standard 
metric. This we already know it is Einstein by [36] . Therefore, ifpy^q, then there 
exists, up to homothety, exactly one binormal Einstein metric on G/L which is 
the standard one. 

By using Corollary 14.11 Equation (14. 7p may be rewritten as 

nX^ - q{p + 2)X +pq + q-p = 0, for j = 1 (4.8) 

and 

nX^ - p{q + 2)X + + p - g = 0, for j = 2 (4.9) 

It is clear that X = 1 is actually a solution of both equations, and thus the 
standard metric is in fact Einstein. 

Now suppose that p = q. As n = p + q, then p = q = Therefore, (14. 8 p and 
(14. 9 p become equivalent to 

4X^ - {n + 4)X + n = (4.10) 

The polynomial above has two positive roots, 1 and ^. Therefore, for p = q and 
n > 4, there exist precisely two binormal Einstein metrics. 

□ 

Theorem 4.2. LetgM be an Einstein adapted metric on M of the form qmI^', fJ'i, (^2) ■ 
The projection qn onto the base space is also Einstein if and only if p = q and 
qm is binormal. 

Proof: By Theorem 12.21 we know that if qm and qn are Einstein then we must 
have the relation 




(4.11) 



91 



1 

From Lemma HTT] (ii) we obtain (j^^ ^ ~ p' ^^^^^ [^i) ^2] = 0, from Corollary 12.21 
we get ri = ^(1 + cji), i = 1,2. Hence, ^ = by using Lemma O (iii)- 

Therefore, (14. lip is possible if and only if p = q. Also from the proof of Theorem 

12.21 if (yfjv and qm are Einstein, then ^ = ^ = | = 1 and qm is binormal. 
Conversely, if qm is binormal and p = q = n/2, then by the above we also get 

n - a. 

and ^fAT is Einstein. 

□ 

We observe that since p is an irreducible Ad L-submodule, gp is always Einstein. 
Theorems 14.11 and 14.21 classify all Einstein binormal metrics on M and all Einstein 
adapted metrics such that Qn is, also Einstein. It still remains to understand if 
there are other Einstein adapted metrics besides these. The Einstein equations in 
general for arbitrary p and q are extremely complicated. However with the help 
of Maple it is still possible to solve the problem in general. Next we shall classify 
all the Einstein adapted metrics on M of the form gni^, fJ'i, fJ'2)- 

Lemma 4.2. Consider the fibration 

r~fn /^P /^g 

M=—^ > ° X ° = AT 

A"Go ApGo A^Go 

where p + q = n and 2<p<q<n — 2. There is a one-to-one correspondence 

between Einstein adapted metrics on M of the form qm = gAii^', f^2) , up to 

homothety, and positive solutions of the following system of Equations: 



- 2q^Xl + nq{p + 2)Xi + 2p^Xl - np{q + 2)X2 = (4.12) 
+ q\p+ l)Xl + p\q - \)Xl - nqij, + 2)Xi = 0. (4.13) 

To a positive solution {Xi,X2) corresponds an Einstein metric of the form g^j = 

Proof: Let gM be an adapted metric on M of the form gui,^] /^i, ^^2)■ We set 

X, = — , i = l,2. (4.14) 

Since the fiber F is irreducible we may use Proposition 12.11 to obtain the Ricci 
curvature. For X G p, 

ffic(A-, .Y) = (e„ + I) + ^ ^ J B(X, X). 
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Hence by using the eigenvalues in Corollary 14.11 and the unknowns Xi and X2 
defined in (14.141) . we obtain 



1 / 7\ 1 + n 

2 V ''"^ ^ 2 / ~ 2n ^ Anpq ~ Apq 

and 

For y G rifc, the ricci curvature is given by 

-^B{C,Y,Y) + nB{Y,Y). 

The Casimir operator of p is scalar on rij with eigenvalues for i = 1, and 
for i = 2, as we can see from Corollary 14.11 Since [ui,n2] = 0, we use Corollary 
12.21 to obtain r^.: 

= + c,.) . 

Hence, from Corollary 14.11 we get 

mc{Y, Y) = (-^X, + ^) B{Y, Y),Yen, (4.16) 
R^c{Y, Y) = (-^^2 + ^) B{Y, Y),Ye n,. (4.17) 

Finally, as Cn^^p) C 6, for i = 1,2, from Proposition 12.11 we conclude that 
Ric{p,n) = 0. Therefore, the Einstein equations for are just 



4pg 4pri Aqn 



Xf + ^ — '—X^ = XE (4.18) 



^-Xi + ^ = /.ii? (4.19) 



2np Ap 
^ -X2 + ^ = /i2^ (4.20) 



2nq 4q 

where E is the Einstein constant. We obtain the system of equations stated in 
this lemma by eliminating E from the system above and rearranging the resulting 
equations. 

□ 

Theorem 4.3. Let us consider the fibration 

r^n r^P r^l 

A"Go ApGo A^Go 
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where p + q = n and 2<p<q<n — 2. If n > 4, there exist on M exactly two 
Einstein adapted metrics of the form qm = (yfAf(A, /ii, /i2) and one is the standard 
metric. For n = 4 the only Einstein adapted metric is the standard one. 
For p = q the non-standard Einstein adapted metric is binormal. 

Proof: According to Lemma \A.2\ the Einstein equations for qm are as follows: 



- 2q'^X^ + nq{p + 2)Xi + 2p^X^ - np{q + 2)X2 = (4.21) 
+ q\p + 1)X^ + p\q - l)Xl - nq{p + 2)X^ = 0. (4.22) 

By using Maple we obtain that the solutions of the system above are X\ = X2 = 1 
and 



, ' -q^{p + l)a^ + nq{p + 2)a - n^ y 
Xi = a, X2 = ( p\q-l) ) ' ^ ' 



where a is a root of the polynomial 



t{Z) = Aq^Z^ - Aq{n + pq + 2)Z^ + n{q{q + 2)(p + 1) + n + 8)Z - (g + 3)n2. 

The solution Xi = X2 = 1 corresponds to a standard metric and we recover 
the result that M is an Einstein standard manifold. We are now interested in 
analysing the existence of other metrics. First we observe that from the expression 
for X2 in (14.231) we conclude that, 



X2 e M if and only if a G 



n n 



^g(p+ 1)' q^ 

For this we compute the roots of the polynomial —q^{p + l)a;^ + nq{p + 2)a — n^, 
as in ^Mj- 

Simple calculations show that 



' n\ p(q — l)^n^ 
t -] = ^ '- > 



qj q 
n \ p{p + [q — \)n^ 



q{p+i)J g(p + i; 



< 



and thus t has at least one (positive) root in the interval ' ' 

Bolzano Theorem. By the explained above, to this root corresponds an Einstein 
adapted metric on M . Furthermore, we show that this root is unique and distinct 
from 1. From this we conclude that there exists a non-standard Einstein adapted 
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metric on M. We observe that the derivative of t, ^ has no real zeros. Simple 
calculations show that the zeros of ^ are 

n + pq + 2 ^ \f5 
2)q 6q ' 

where 

6={q+ 1) V - (g - l)(3g2 + 4g - 8)p - {q - l){3q^ + 8q + 16). 

We show that 6 < 0. For p = q, 6 = —2q^ — 2q^ + — 16g + 16 < 0, for every 
q > 2. So we suppose that p < q. In this case, since p^ < {q~ l)p, we have 

5< (g - 1) ( - (2p + 3)g2 - (2p + 8)g + (9p - 16)) 

< (g-l)(-2p3-5p2+p-l6) 

< 0, 

for every p>2. 

With this we conclude that ^ has no real zeros and thus the root of t found 
above is the unique real root of t. Moreover, we must guarantee that this root 
does not yield the solution Xi = X2 = 1. If Xi = X2 = 1, then a = 1 is a root 
of t. This may be possible since 1 G [j^f^^^, -^j- Since 

t(l)=p(g + 2)(g-l)(n-4), 

and, consequently, a = 1 is a root of t if and only if n = 4. By using fl4.23p 
we get that if Xi = 1 when n = 4, then X2 = 1 as well. Since non-standard 
Einstein adapted metrics are given by pairs of the form fl4.23l) . with a 7^ 1, we 
conclude that there exists a unique non-standard Einstein adapted metric of the 
form (^Af (A, /ii, /i2) if and only if n > 4; in the case n = 4, the standard metric is 
the unique Einstein adapted metric of the form (7Af(A, /ii, /i2)- Finally, we observe 
that, if n = 4, the subspaces and are irreducible Ac? L-submodules. Hence, 
any adapted metric on M is of the form qm^^, fJ'i, fi'2)- Therefore, we conclude 
that, for n = 4, there exists a unique Einstein adapted metric on M and it is the 
standard one. 

Since there is a unique non-standard Einstein adapted metric on M, it follows 
from Theorem 14.11 that this metric is binormal if and only if p = q. 

□ 

As it has been observed previously the modules n^, k = 1,2, are not irreducible 
Ad K-modnles. From Lemma [4. II we deduce a possible decomposition for rii and 
n2 into irreducible Adi^-submodules: 
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Lemma 4.4. C^,^ = ( -7— tT' • • • ' ^7— rr^ — T'O' • • • >0), for j = 1, . . . ,p- 



Lemma 4.3. rii = ©^^|nij and 1x2 = ©j=}n2,j , where 

m,, = -JX, 0, . . . , 0) G 0o" : ^ e 00}, /or J = 1, ... ,p - 1 

n^j = {(0^_^, -J^, 0, . . . , 0) G s^ X G flo}, /or J = 1, . . . , g - 1. 

Furthermore, the xiij's are irreducible Ad K-suhmodules. 

The fact that the modules above are irreducible follows from the fact that go is 
simple. Also by similar calculations to those in Lemma WA\ we obtain the Casimir 
operators of the submodules Ui^j and U2j: 

1 1 _2_ 

i 

1, and 

Cna,, = ( 0,...,0, -4^,0, ...,0), /or j = 1. 

P ^ v ' 

3 

Proof: {{ui, . . ■ ,Ui, —jui, . . . , 0}j and {(w'j, . . . , u[, —ju'^, 0, . . . , 0)}j are bases of 
J j 

...,Ui, -jUi, 0, . . . , 0), {u'j, . . . , u'j, -ju'j, 0, . . . , 0)) 

= k%{ui,u'j) + k'^<l>o{ui,u'j) 

= {k + l)k6ij 
Hence dual bases of rii .,■ for $ are as follows: 

By using these bases we obtain the required expression for the Casimir operator 
of nij. For Cn^ . is similar. 

□ 

Hence, we may consider on M an adapted metric of the form 

gu = fi-A/lA; . . . , fii,p-i, ^2,1, /i2,g-i)- (4.24) 

Clearly, whereas the submodules xXij are Ad i^'-irreducible, the reader should note 
that they are not pairwise inequivalent. Hence, adapted metrics on M are not 
necessarily of the form (14.251) . 
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Lemma 4.5. Let qm be an adapted metric on M of the form 



If qm is Einstein, then it is of the form 



5(Af(A,/ii,/i2). (4.25) 



Proof: By Corollary II. 5[ if exists on M an Einstein adapted metric, then 

p-1 q-l 

( E '^i.^-^"!. + E (P) C t, (4.26) 

for some i>ij, 1/2 j > 0. The inclusion fl4.26p implies 

E^MQ.(P)ce, (4.27) 
j 

for i = 1, 2, since Cni,^(fl) C 0^5 x Og and Ca^^id) C Op x 0^. For = 1, . . . ,p, let 
Pfc denote the fcth component of P = J2j ^i,fin^y By 14.11 (vi), we have 

^ 1 ^ 

^'=-^''^''=-^+fc(^^''^''=' 

for = 2, . . . , p — 1. We may then write 

Pk+i = Pk + ^y^l'^i.A. - '^i-fc-i)- (4-28) 
On the other hand, the condition P(p) C implies that Pk = Pk+i- Hence, from 
(14.281) we obtain that ui^k = Similarly we show that i>2^k = i^2,k-i- Now 



from the proof of Corollary 11.51 we can see that for an adapted Einstein metric 
on M as in (14.31) . then the constants ui^k = l/z^i ^ and h'2,k = l//^2 fc niust satisfy 
(14.261) . This concludes the proof. 

□ 

Therefore, Theorem 14.21 may be understood as a classification of Einstein metrics 
of the form fOSD . 

Corollary 4.2. Let us consider the fibration 

/^n fiV fil 

M = ^ X = N, 

A"Go APGo A«Go 

where p + q = n and 2<p<q<n — 2. Let 



fi'A/(A; . . . , /il,p-l, fl'2,1, ■ ■ ■ , f'2,q~l) 
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(4.29) 



be an adapted metric on M, corresponding to the decomposition of n given in 
Lemma \4.3\ If n > 4, there exist on M exactly two Einstein adapted metrics of 
the form ^^2^ and one is the standard metric. 
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4.3 Closing Remarks 



The main aim of this thesis was to estabhsh conditions for existence of homo- 
geneous Einstein metrics with totally geodesic fibers and to bring new existence 
and non-existence results for a significant class of homogeneous spaces. Necessary 
and sufficient conditions for existence of such metrics were obtained under some 
hypothesis and, for some classes of homogeneous fibrations, new Einstein metrics 
with totally geodesic fibers were found and in other cases all such metrics were 
classified. Nevertheless, some questions remain open for further research. 

For irreducible bisymmetric fibrations of maximal rank all the Einstein adapted 
metrics were classified in the case when G is an exceptional Lie group. If G is a 
classical group, all the Einstein adapted metrics were classified for Type I, whereas 
for Type II we classified only those whose restriction to the fiber is still Einstein. 
For these bisymmetric fibrations which admit an Einstein adapted metric which 
satisfies this condition we can still classify all the other Einstein adapted metrics. 
However, in this classical case, it remains to obtain a general classification of 
Einstein adapted metrics. 

Furthermore, the techniques and results for irreducible bisymmetric fibrations of 
maximal rank suggest that a similar research can be developed for homogeneous 
fibrations whose fiber and base space are p-symmetric spaces of higher order. 
For instance, the classification of compact simply-connected 3-symmetric spaces 
would allow us to consider fibrations whose fiber is a 3-symmetric space and the 
base is still an irreducible symmetric space. 

For Kowalski n-symmetric spaces we have shown that there exists a non-standard 
Einstein adapted metric, if n > 4. For n = 4 we have proved that the standard 
metric is the only Einstein metric with totally geodesic fibers. It remains to 
classify all the Einstein adapted metrics, if n > 4. 
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APPENDIX A 



A classification of bisymmetric triples of maximal rank was given in Chapter 3 and 
they are listed in Tables 13.41 13.51 13.61 and 13.71 In this Appendix we determine the 
isotropy representation for each bisymmetric triple and compute the eigenvalues 
7a's and of the Casimir operators and Cp^ along the subspaces pa and n, 
respectively. We use the formulas presented in Chapter 3 in Propositions 13.11 
and 13.21 We shall systematically use the roots systems and the dual Coxeter 
numbers. The roots systems used can be found in [T3| and [31] and the dual 
Coxeter numbers are given in Table 13.11 

As introduced in Chapter 3, if n = (BjXi^ is a decomposition of n into irreducible 
Ad L-modules, we write 

Jl^, ={4>eJl:E^e {n^ f} and n^' =< X^, : G 3^+ > . (A.l) 
We recall that bf, for (p G "Jinj, is the eigenvalue of Cp^ on n-': 

Cpa |nJ = bf^Id^j. 

If p is y4(i L- irreducible, we write simply b'^ for the eigenvalue of Cp on n-' . These 
eigenvalues are given by the formula from Proposition I3.lt 

where 

dact> = <la<t> — Pacf, — '^P acjiQacI) (A. 3) 

and (j) + na, Patj, <n< is the a-series containing (p. 

Also if 6a is a simple ideal of 7a is the eigenvalue of on ia- 

And finally to compute the 7a 's, when 6a is a simple ideal of 6, we use Proposition 

m 
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Oa-h*{g) 

. where h*{ta) and h*{g) are the dual Coxeter numbers of ta and g, respectively, 
and 6a = |q;P/|/?P, for a a long root of g and P a long root of 6^. If there is only- 
one root length on g or both g and 6^ have two root lengths, 5^ = 1. If 5^ 7^ 1 
then Sa it is equal to 2 or 3. If p is Ac? L-irreducible, then we write simply 7 for 
the eigenvalue of on the corresponding simple ideal of t. 
Since the computations of the eigenvalues 7a and bf consist of a systematic use 
of formulas (1A.2P and (\AA\i some details of these computations are omitted. For 
each simple Lie algebra g we present the set of roots of g and the corresponding 
length of the roots. We consider each symmetric pair of maximal rank (g, i) and 
present the subsets of roots of each simple ideal ta of t, the corresponding value 
of 7a and the subset of roots of the isotropy space n. We recall that Din = — ^^e- 
Finally, for each bisymmetric triple (g, t, I), we indicate the subset of roots "Jlp for 
the symmetric complement p of the symmetric pair (6, [) and the subset of roots 
of each irreducible Ad L-submodule n* of n. For bisymmetric triples of Type I, we 
present the essential information to compute the eigenvalues b'^ on each subspace 
n\ Since n* is Ac? L- irreducible, it suffices to choose any root in ^j^,. Thus, we 
choose a root (p in each n* and indicate all the roots a G "Jl^ such that the string 
(f) + na is not singular, i.e., it contains other roots besides 0; only for these a's the 
coefficients in formula (1A.2I) are non-zero. We indicate the elements in the 
non-singular string (p + na; only three cases occur: this string is formed either by 

(i) 0, + a, in which case Patf, = and = 1; thus, douj, = 1; 

(ii) 0, — a, in which case Patp = — 1 and g^^ = 0; thus, da(j, = 1; 

(iii) 0, ± a, in which case Pacf, = —1 and qac/, = 1; thus, c?q,^ = 4. 

We indicate the length |ap of each root a listed previously. Once all this infor- 
mation is obtained, we apply flA.2p to compute 6*^. 

The reader may notice throughout that, in some cases, the root a indicated is 
not a positive root. We observe that since daif, = d-acf,, we may choose the a's in 
"Jlp independently of the sign, as long as only one of ±a is chosen. This allows 
us to chose the necessary a's without any considerations about the order of the 
roots in the Lie algebra g. 

For bisymmetric triples of Type II, we obtain the eigenvalues bf from the bisym- 
metric triples of Type I. For instance, bf and 63 fo^' (g25 5U2©su2,]R©]R) are given 
by 6*^ of (g2, SU2 © 5U2, M © SU2) and by b'^' of (g2, SU2 © SU2, SU2 © M), respectively. 

In the cases of the classical Lie algebras, it is easy to understand whether the sum 
of two roots is a root, due to the simplicity of their root systems. However, in the 
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exceptional cases, this may be rather comphcated, mainly in the cases of the Lie 
algebras Cq, and es- In these three cases, auxihary lemmas are provided, where 
conditions under which the sum of two roots is a root are stated. These are the 
Lemmas IAH |AJ and ID 
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A.l An-l 

In this Section we consider bisymmetric triples of the form (su„, 5Up®su„_p®]R, [), 
1 <p <n — 1. We set fii = sUp, I2 — sUn-p and Iq — R. 
For a root system of type An-i for q we take 

% = {±{ei -ej):i<i<j < n}. (A.5) 
In Q there is only one root length and is 

|q;P = 1. (A.6) 
n 



Symmetric Pair A.l. (su„,sUp ® su„_j, ® M), p = 1, . . . , n — 1. 

SUp {±(e.-e,) : l<i<j<p} f , P > 2 

su„_p {±(e^-ej) :p+l<i<i<n} ^,p<n-2 

= {±(ei - ej) : 1 < i < p, p + 1 < i < n} 



Bisymmetric Triple A.l. (su„, sUp ®5ti„_p ® M,5U; ®sUp_i ® IR®su„_p® M), 1 < p < n - 1, 
l<l<p-l. (Type I) 

% = {±{ei -ej):l<i<l,l + l<j <p} 
n = © 

3l„i = {±{ei -ej):l<i<l,p+l<j <n} 
3l„2 = {±(ei - ej) : I + 1 < i < p, p + 1 < j < n} 

ri^ (f)G5lni aeOl^ (j) + na da<t, No of a' s \a\'^ h't' 

ei-e„ ei - ej, I + 1 < j < p ^,(f)-a 1 p-l ^ ^ 



Cp — Cn Gj — Bp, 1 < j < I (j), (j) + a 1 



Bisymmetric Triple A. 2. (su„,5Up®5Xi„_p®K,sUp®5Us®5ti„_p_s®K®IR), 1 < p < n - 1, 
1 < s <n-p-l. (Type I) 

5lp = {±(ej -ej): p+l<i<p + s,p + s + l<j<n} 
n = ® 

= {±(ei -ej):l<i<p,p+l<j <p + s} 
3^„2 = {±(ei — Cj) : 1 < i < p, p + s + 1 < j < n} 

n' ?;>e3^n' aG3?^ + na d^^, No of a' s |ap f)"^ 

ei-Bp+s ep+s-ei,p + s + l<j<n (t>,(f> + a 1 n-p-s ^ "'~2n^ 



ep-e„ - e„, p + 1 < j < p + s (f),(j)-a 1 s 
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Bisymmetric Triple A.3. {sUn,sUp ® su„_p ® M, su; ® sUp-i ® su^ ® su„_ 
l<p<n-l,l<l<p-l, l<s<n-p-l. (Type II) 

= {±{e^ -ej):l<i<l,l + l<3 <p} 
3lp, = {±(ei -ej):p+l<i<p + s,p + s + l<j<n] 

{±{ei - ej) : 1 < i < I, p + 1 < j < p + s} 
{±{ei - ej) : 1 < i < 1, p + s + 1 < j < n} 
{±{ei -ej):l + l<i<p,p+l<j<p + s} 
{±{ei -ej):l + l<i<p,p + s + l<j<n} 



p—l n—p—s 

2n 2n 

p—l s 

2n 2n 

I n—p—s 

2n 2n 

±_ _s_ 

2n 2n 
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A.2 Bn 

In this Section we consider all the bisymmetric triples of the form (502n+i, -S02p+i® 
S02{n-p), 0, for < p < n - 1. 
A root system for g is 

01 = {±ei :l<i<n;±ei±ej:l<i<j<n} (A. 7) 

and the length of a root is 

2n-l ' ^ ~ 

Symmetric Pair A.2. (so2n+i > 502^+1 ® 502(„_p)), < p < n — 1. 

{±ei ■.l<i<p;±ei±er.l<i<3 <P} P > 1 

S02(„-p) {±ei ± Cj :p + 1 < i < j < n} ^^2n-i , p < n - 2 

= {±ei ± ej : 1 < i <, p + 1 < j < n} 

Bisymmetric Triple A.4. (s02n+i,S02p+i 8 S02(„-p),S02/+i ® S02(p-i) ®S02(n-p)), < P < 
n-l,0<l<p-l. (Type I) 

= {±ei : I + 1 < i < p, ±ei ± ej : 1 < i < I, I + 1 < j < p} 

n = © 

IR„i = {±ej : p+1 < i < n; ±ei ± : 1 < i < ^, + 1 < j < n} 
3i„2 = {icj ± : Z + 1 < i < }3, p + 1 < j < n} 

(/)e3ini a € ^ + na da^ Noofa'ss |ap 6"^ 

ei, / + l<i<p ^,(f)±a 4 p-/ 2(2n-i) ^ 



'^P 2(2n-l) 



Bisymmetric Triple A. 5. (s02n+i,502p+i®502(„_p),S02p+i®S02s®502(„_p_s)), < p < n-1, 
l<s<n-p-l. (Type I) 

= {±ei ±ej : p+l<i<p + s,p + s + l<j<n} 
n = © 

3^„i = {icj :p+l<i<p + s; ±ej ± : 1 < i < p, p + 1 < j < p + s} 
3in2 = {zbe, : p + s + 1 < i < n; ±ej ± : 1 < i < p, p + s + 1 < j < n} 

n* e 3in' a e 31^ (j) + na da^, No of a' s \a\^ b"^ 

Cp+i ep+i ± ei, p + s + 1 < i < n (j),(j)-a 1 2(n-p-s) ili£ii£ 



e„ ±ei + e„, p+l<i<p + s (p, (p + a 1 2s 



2n-l 2n-l 



2n-l 2n-l 
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Bisymmetric Triple A.6. (502„+i,S02p+i ®S02(„-p),S02p+i ® u„_p), < p < n- 1. (Type I) 

% = {±(ei + ej) ■.p+l<i < j <n} 
n irreducible AdL-module 

na daif, No of a's |ap h'^ 

e„ ei + e„, p+l<i<n-l (j), (j) - a 1 n-p-l 2(2n-l) 



Bisymmetric Triple A. 7. (s02n+i,502p+i ®502(„_p),S02i+i ®502(p_i) eu„_p), < p < n-1, 
Q<l<p-l. (Type II) 

i?pi = {±ei ■.l + l<i<p,±ei±ej :l<i<l,l + l<j <p) 
3^p2 = {±{ei + ej) ■.p+l<i < j <n} 
n = ® 



•R^i bf bl 



2 



{±6^ : p + 1 < i < n; ±ei ± : 1 < i < p + 1 < j < n} ""^^^ 



{±ei ±ej ■.l + l<i<p,p+l<j <n} ^^^^ 



2n-l 2(2n-l) 
4i + l 

4(2n-l) 2(2n-l) 



Bisymmetric Triple A.8. (so2„+i,502p+i ® 502(„-p),502j+i ® S02(p-z) ® 502s ® S02(n-p-s)), 
0<p<n-l, 0<Z<p-l, l<s<n-p-l. (Type II) 

3?pi = {±ei ■.l + l<i<p,±ei±ej ■.l<i<l,l + l<j <p}, 
3lp2 = {±ei zbcj :p + l<i<p + s, p + s + l<j<n} 
n = ® ® ® n"^ 

{±ei : p +1 <i <p + s; ie, ± Cj : 1 < i < /, p + 1 < j < p + s} 

{zbe,; :p + .s + l < i < n; zbe^ ± : 1 < i < ^, p + s + 1 < j < n} 
{±ei ± : Z + 1 < ? < p, p + 1 < i < p + s} 
{±ej ± Cj- : I + 1 < i < p, p + s + 1 < j < n} 



p—l n—p—s 

2n-l 2n-l 
p—l s 

2n-l 2n-l 

41+1 n—p—s 

4(2n-l) 2n-l 

4i+l s 

4(2n-l) 2n-l 
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A.3 D 



n 



In this Section we consider all the bisymmetric triples of the form {502n, Un, and 

(S02n,-502p®S02n-2p, l),l<P<n-l. 

A root system for g is 



Ji = {±ei ±ej :1 <i < j <n} 
and the length of any root is 

1 



2(n- !)■ 



(A.9) 



(A.IO) 



Symmetric Pair A.3. (s02ra,u„). 



5it 



u„ {±{ei -ej):l<i<j <n} 

Jin = {±(ei + ej) : I < i < j < n} 

Symmetric Pair A.4. (s02n,S02p © S02n-2p), p = 1, . . . , n - 1. 

S02p {±ei±ej :l<i<j <p} ^,p>2 
S02n-2p {±ei±ej : p+1 <i < j <n} , p < n - 2 

Jin = {icj ± Cj : 1 < i < p, p + 1 < j < n} 



Bisymmetric Triple A.9. (s02ri, u„, Up ® u„-p), < p < n — 1. (Type I) 
Jip = {±(e, -ej) :l<i<p,p+l<j <n} 



n = ® ® 
3l„i = {±(ei + ej) 
Ji„2 = {±{ei + ej) 
3l„3 = {±{ei + ej) 



1 < i < j < p}, 

p + 1 < 2 < j < 77 . }, 

l<i<p, p+l<j<n} 







a e 3^^ 


(p + na 




No ofa'ss 


\a\ 


2 


6"^ 




ei + ep 


ei — Gj, p + 1 < « < n 


(f), 4> — a 


1 


n — p 


1 




n—p 


Bp — ei, p + 1 < i < n 


n — p 


2{n- 


-1) 


2(n-l) 






Bi — Sp+l, 1 <i < p 


(j), (j) + a 


1 


P 


1 




P 


Bi - Bn, I < i < p 


P 


2(n- 


-1) 


2(ra-l) 




ei + e„ 


Bi — Bi, p+l<i<n— 1 


(j), (t> — a 


1 


n — p — 1 


1 




n-2 


Bi - Bn, 2 < i < p 


(j), (p + a 


p-1 


2(n- 


-1) 


4(n-l) 
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Bisymmetric Triple A.IO. (502„,502p ® 502(„-p),S02; ® 502(p-i) ® 502(„_p)), 1 < p < n - 1, 
l<l<p-l. (Type I) 

Olp = {±e, ±ej :l<i<l,l + l<j <p} 
n = ® 

= {±ei ± ej : 1 < i < I, p + 1 < j < n} 
3^„2 = {zbej ±ej :l + l<i<p, p+l<j<n} 

re (l)G5i„i aG5i^ (f) + na da4, No of a' s |ap 6"^ 

ei + en ei ± Ci, I + I < i < p (p, (j) - a 1 2{p - I) 2(n-i) 2(n-i) 



r? Bp + e„ zbe, + e^, 1 < i < Z (j), (j) + a 1 



Bisymmetric Triple A.ll. (so2„,S2p ® S02(n-p),S02p ® S02s © S02(„-p-s)), 1 < p < n - 1, 
l<s<n-p-l. ("I^pe /; 

3lp = {±ej zbcj : p+l<i<p + s,p + s + l<j<n} 

n = 

IRni = {icj ± : 1 < i < y*, p + 1 < J < p + s} 
3ln2 = {icj ± Cj : 1 < i < p, p + s + 1 < j < n} 

ei+Cp+i ep+i±ei,p + s + l < i < n 1 2(n-p-s) ^(n-i) 2(n-~i) 



ei + e„ ±ej + e„, p + 1 < z < p + s (j),(p — a 1 2s 



Bisymmetric Triple A. 12. (s02„,S2p ®S02(„-p),S02; ®S02(p_i) ®502s ®502(„_p_s)), 1 < p < 
n-1, l<Z<p-l, l<s<n-p-l. (Type II) 

Dlpi = {ibci ± Bj : I < i < I, I + 1 < j < p] 

Dlp2 = {±ej ±ej : p+l<i<p + s,p + s + l<j<n} 

n = ® ® ® n* 



{iCj ± ej : 1 < i < I, p + 1 < j < p + s} 
{icj ± ej : 1 < i < 1, p + s + 1 < j < n} 
{zbcj ± ej : Z + 1 < i < p, p + 1 < i < p + s} 
{±ej ± ej : Z + 1 < i < p, p + s + 1 < i < n} 



6r 






p- 


i 


n—p—s 


2(n- 
P- 


1) 

( 


2{n-l) 


2(n- 
l 


■1) 


2(n-l) 
n—p—s 


2(n- 

; 


1) 


2(n-l) 

5 


2(n- 


1) 


2(n-l) 



Bisymmetric Triple A.13. (s02n,S02p ® S02(„-p),Up ® S02(„-p)), 1 < p < n — 1. ('T^pe /j 

3ip = {±(e, + e^) : 1 < i < j < p} 
n irreducible AdL-module 

(j)eOl„ a e 31^ (j) + na da^ No of a' s |ap 6''^ 

ei+e„ ei + Ci, 2<i<p cp, (j) - a 1 p-1 2(n-i) 4(n~\) 
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Bisymmetric Triple A.14. {s02n,S02p ® S02(„-p),S02p ® Un-p), 1 < p < n - 1. (Type I) 

5ip = {±(ei + Cj) : p + 1 < i < j < n} 
n irreducible AdL-module 

(jy^Hn aeD?^ + No of a' s |ap ft"^ 

ei + e„ ei + e„,p+l<z<n-l </>,</>-« 1 n-p-l ^(n-i) 4("^-~i) 



Bisymmetric Triple A.15. (502n,S02p ® S02(„_p), Up ® ti„_p), 1 <p< n— 1. ('I^pe //j 

3lp, = {±(ei + ej) : 1 < i <i <p} 
3?p, = {±(ei + ej) : p + 1 < i < j < n} 
n irreducible AdL-module 



bt K 



2 



p— 1 n— p— 1 
4(n-l) 4(n-l) 



Bisymmetric Triple A. 16. (502„,S02p ® S02(n-p))-S02i ® S02(p_!) ® u„_p), 1 < p < n - 1, 
1 < / <p - 1. (Type //; 

3?Pj = {±ej ± Cj : 1 < i < / + 1 < i < p} 
3^P2 = 3^p2 = {±(ei + Cj) : p + 1 < i < j < n} 



2 



{±ei ±er-l<i<l,P+l<j <n} ^^^^^ 



{icj ± : Z + 1 < i < p, p + 1 < j < n} — ^ — ^^^^^^ 



2(n-l) 4(n-l) 
I n— p— 1 

2(n-l) 4(n-l) 
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A.4 Cn 



We consider the bisymmetric triples of the form (5p„, u„, I) and (5p„, spp®sp„_p, [), 
for 1 < p < n — 2. The root system for g = 5p„ is 

= {±2ei : 1 < i < n; ±ei ± e^- : 1 < i < j < n}. (A.ll) 
In Q there are two root lengths: 

= | !!L ""if"^, . (A.12) 

[ 2(n+l) ' ^ ~ * 

Symmetric Pair A. 5. (sp„,u„). 



u„ {±(ei - ej) : 1 < i < j < n} 

= {±2ei, ±(ei + Cj) : 1 < i < j < n} 



Symmetric Pair A. 6. (sp„,spp © sp„_p), p = 1, . . . , n — 2. 



spp {±2e^ : 1 < i < p; ±e^± ej : I < i < j < P} ^ 

spn-p {±2ei : p + 1 < i < n; ±ei± Cj : p + 1 < i < j < n} ^^^^ 

3?„ = {zbci ± Cj : 1 < i < p, p + 1 < j < n} 

Bisymmetric Triple A. 17. (sp„,u„,Up ® u„_p), 1 < p < n — 1. (Type I) 

3ip = {±(ei -ej):l<i<p,p+l<j<n} 
n = © © 

3l„i = {±2ei, ±{ei + e^) : 1 < i < j < p}, 
Jl„2 = {±2ej, ±(ei + ej) : p + 1 <i < j < n,}, 
3i„3 = {±{ei + ej) :l<i<p,p+l<j <n} 

n' e 3in* a e 3ip" (j) + na darf, No of a' s \a\- 





2ei 


e\ — Bi, p + 1 < i < n 


(j), (j) — a 


1 


n — p 


1 


n— p 


2(n+l) 


4(n+l) 


n2 


2Cn 


Ci — e„, 1 < i < p 


(j), <p + a 


1 




1 


P 


2{n+l) 


4(n+l) 


n3 


ei + e„ 


e,; - e„, 2 < i < p 
ei — ei,p+l<i<n— 1 


(f), (f) + a 
0, — a 


1 
1 


p-1 
n — p — 1 


1 


n+2 


2(n+l) 


4(n+l) 



ei - e„ 
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Bisymmetric Triple A.18. (sp„,5pp®5p„_p,5pi®spp_;®sp„_p), 1 < p < n-1, 1 < I < p-1. 
(Type I) 

Olp = {±e, ±ej :l<i<l,l + l<j <p} 
n = ® 

51^1 = {±ei ± ej : 1 < i < I, p + 1 < j < n} 
3^„2 = {zbej ±ej :l + l<i<p, p+l<j<n} 

n' ^e3?„i aeOl^ (j) + na No of a' s [ap 

ei + e„ ei ± e,, / + 1 < i < p </), (t)-a 1 p - Z oinTTT 4(nTn 



Cp + e„ ±6, + ep, 1 < i < / cp, (j)-a 1 Z 2(n+i) 4(n+i) 



Bisymmetric Triple A.19. (sp„,5pp ® 5p„_p,5pp ® sps ® sp„_p_s), l<p<n-l, l<s< 
n — p— 1. fT^pe 

3lp = {±e, ± : p + 1 < i < p + s, p + s + 1 < j < n} 
n = © 

IRni = {±ei ± : 1 < i < p, p + 1 < j < p + s} 
3l„2 = {zbej ± Cj : Z < i < p, p + s + 1 < J < n} 

^e3?„i aG!R^ (j) + na d^^, No of a' s jap 6"^ 

ei + ep+i ep+i ie,, p + s + l<i<n (j),4>-a 1 n-p- s 2{n+r) 1{n+i) 



Sp + en ±ei + en, p + I < i < p + s (j), 4> - a 1 s 



Bisymmetric Triple A.20. (sp„,,spp © sp„_p,sp; ® 5pp-i ® sp^ ® sp„_p_s), 1 < p < n 
l<Z<p-l, l<s<n-p-l. (Type //j 



Pi 



P2 



{±ei ± : 1 < i < Z + 1 < j < p} 
{±ei ±ej :p+l<z<p + s, p + s + l<j<n} 



n = ® ® ® 



{±e, ± . 
{±e^ ± . 



l<i<Z, p+l<j<p + s} 
1 < i < I, p + s + 1 < j < n} 
I + I < i < p, p + 1 < j < p + s} 
l + l<i<p, p + s + l<j<n} 







"2 


p- 


I 


n— p— 5 


4(n+ 
P- 


1) 

( 


4(n+l) 
s 


4(n+ 


1) 


4(n+l) 
n—p — s 


I 


1) 


4(n+l) 
s 



4(n+l) 4(n+l) 



{±ei ± 

Bisymmetric Triple A. 21. (sp„,spp0sp n— p; Up ffi spn_p) , 1 !^ p — 1 • (Type I) 



5lp = {±26, : 1 < i < p; ±(ei + e^) : 1 < i < j < p} 
n irreducible Ad L-module 



a €51^ 



(j) + na daij) No of a' s \a\ 



ei + e„ 



2ei 

ei + Cj, 2 < z < p 



a 1 



1 

p-1 



1 

n+l 

1 4(n+l) 



p+1 



2(n+l) 
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Bisymmetric Triple A.22. (5p„,spp ® spn-p,spp ® u„_p), 1 < p < n — 1. (Type I) 

5lp = {±2ei ■.p+l<i<n; ±{ei + ej) : p + 1 < i < j < n} 
n irreducible AdL-module 



(f)€Oln a €01^ (f) + na da^ No of a' s |a|^ b'f' 

^^+^" e, + e^,p+l<i<n-l ^' " " ^ n-p-1 ^ ^ 



Bisymmetric Triple A.23. (5p„,spp ® sp„_p, Up ® u„_p), 1 <p < n - 1. (Type II) 

3ipi = {±2ei : 1 < i < p; ±(ei + e^) : 1 < z < j < p} 

3?P2 = {±26^ : p + 1 < z < n; ±(6, + Cj) : p + 1 < i < j < n} 

n irreducible AdL-module 

bf bt 



p+l n—p+l 
4(n+l) 4(n+l) 



Bisymmetric Triple A.24. (5p„,5pp ® 5p„_p,sp; ® 5pp_i ® ti„_p), 1 < p < n-1 and 1 < I < 
p-1. (Type II) 

3?pi = {±ei ±ej ■.l<i<l,l + l<j <p} 

Uip^ = {±2ei ■.p+l<i<n; ±{ei + Cj) : p + 1 < i < j < n} 

n = e 

3^„. bf bt 



{±ei ±ej ■.l<i<l,p+l<j <n} f^;^ 
{±e,±e^:l + l<i<p,p+l<j<n} ^ ^ 
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A.5 U 



In this section we analyze the bisymmetric triples of the form (f4,S09, [) and 

(f4,Sp3 ®5U2, 0- 

The root system for the simple Lie algebra f4 is 



1 4 

:k = {±e,, ±e, ± e,-, 1 < i < J < 4; - ^(-l)'^*e,}, (A.13) 



1 

1)4 



where ei, . . . , 64 is the canonical basis for M and the signs are chosen indepen- 
dently. In f4, there are two root lengths. Roots of the form icj and | Yli{~^T*^i 
are short, whereas those of the form ±ej ± Cj are long, and we have 



\a\'={ F' . (A.14) 

' i a long 



Symmetric Pair A. 7. (14,509). 



S09 {±ei, icj ± Cj, 1 < i < j < 4} I 
3^n = {|X:(-ireJ 



Symmetric Pair A.8. (f4,5p3 ® SU2). 

< 64, 63 - 64, i(ei - 62 - es - 64) >= 4 
^ {±e3,±e4,±e3 ± 64, ±(ei - 62), ±i(ei - 62 ± es ± 64)} ^ 



SU2 {±(ei + 62)} 



Oin = {±6i, ±ei±ej : i = 1,2, j = 3,4;±^(6i-|-62±e3±e4)}, with signs chosen independently. 



Bisymmetric Triple A.25. (f4,s09,S0p ®soq-p), p = 21 + 1, I = 0, 1,2,3. (Type I) 



3ip = {±2ej :p + l<i<n; ±(ei + ej) : p + 1 < i < j < n} 
Cp scalar on n 

(pGOln a €51^ (j) + na da<j> No of a' s jap 6"^ 

2^1^* ei + ej,l<i<l,l + l<j<4 "P'^ " «(4-0 i 72 
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Bisymmetric Triple A.26. (f4,sp3 su2,sp3 M). (Type I) 



3ip = {±(61 + 62)} 
Cp scalar on n 

(t)G'Jln aGOl^ (j) + na d^^ No of a' s lap b'<' 
ei 61 + 62 0, — a 1 1 i 

Bisymmetric Triple A.27. (f4,sp3 ® SU2,U3 ® SU2). (Type I) 

5lp = {±63, ±63 ± 64, ±(61 - 62), ±5(61 - 62 + 63 ± 64)} 
n = © 

3l„i = {±(61 + 63), ±(62-63)} 

3l„2 = {±61, ±62, ±(ei - 63), ±(61 + 64), ±(62 ± 63), ±(62 ± 64), ±5(61 + 62 ± 63 ± 64)} 

(j)€5i„i a e 3^^ (p + na da^ No of a' s |ap 



ni ei + 63 e3,i±(ei- 62 + 63 ±64) ^3^1 
63 ± 64, 61 - 62 ^ ^ 3 i 



1 



4 



j_ 

18 

61 61-62 ^!>, - a 1 1 f i 

18 



63 (j), (j)± a 4 1 

— 62 (j), (j) — a 1 1 

5 ± (ei - 62 + 63 ± 64) (j), (j) - a 1 2 



Bisymmetric Triple A.28. (f4,sp3 ® su2,sp2 ® SU2 ® SU2). (Type I) 

IRp = {±63, ±64, ±5(61 - 62 ± (63 + 64)} 

n = ® 

Jlni = {±6, ± ej , i = 1, 2, j = 3, 4; ±i(6i + 62 ± (63 + 64))} 
3?„2 = {±61, ±62, ±^(ei + 62 ± (63 - 64))} 

n' (t)eOlni ae5l^ (f) + na d^^ No of a' s |ap 6'^ 



r , , , \ ^(Ri - 62 - 63 - 64) (t>,<i) + a 
>(6l +('2 + (-:>, + ,,,,„,, 1 



1 1 



(/// ollicfs (J. (.) — (\ J-'"" " 



2 _ 63, 64 0, (/) ± a 4 2 J_ J. 

' i(ei-62±(63 + 64)) <^-a 1 2 18 18 



Bisymmetric Triple A.29. (f4,sp3 ® SU2, U3 © M). (Type II) 

D?pi = {±63, ±63 ± 64, ±(61 - 62), ±|(6l - 62 + 63 ± 64)} 
3^p, = {±(61 + 62)} 



{±(61 + 63), ±(62 -63)} i ^ 

{±61, ±62, ±(61 - 63), ±(ei + 64), ±(62 ± 63), ±(62 ± 64), ±5(61 + 62 ± 63 ± 64)} § 
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Bisymmetric Triple A.30. (f4,sp3 su2,sp2 ® SU2 ® ffi). (Type II) 

3ipi = {±63, ±64, ±^(ei - 62 ± (es + e4)}3ip2 = {±(ei + 62)} 
n = ® 

{±6i ± ej, i = 1,2, j = 3,4; ±i(6i + 62 ± (63 + 64))} I ^ 

{±61, ±62, ±5(61 + 62 ±(63 -64))} ^ 
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A.6 Q2 



In this section we analyze all bisymmetric triples (02,SU2©SU2, 1)- The symmetric 
pair (02,5U2 © SU2) corresponds to a flag manifold of G2 and thus is obtained by 
a painted Dynkin diagram. We observe that each factor SU2 corresponds to a 
different root length. We set that ti = SU2 corresponds to a long root and 
^2 = SU2 corresponds to a short root. If we consider the root system of 52, 

{±(ei - 62), ±(ei - 63), ±(e2 - 63), 

±(2ei - 62 - 63), ±(262 - ei - 63), ±(263 - 61 - 62)}, 

we can choose CR^^ = {±(2ei — 62 — 63)} and CRjj = {^(^s — 63)}, the orthogonal 
of 

In 02 the length of a root is given by 

\^ J2, en short ' (A. 15) 

where roots of the form 6a — 65 are short and those of the form 26a — 65 — 6c are 
long. 

Symmetric Pair A. 9. (02,SU2 ® 5U2). 

6i %i li 



SU2 {±(2ei - 62 - 63)} 5 
SU2 {±(62 - 63)} i 



= {±(ei - 62), ±(ei - 63), ±(262 - ei - 63), ±(263 - ei - 62)} 



Bisymmetric Triple A.31. (g2,5U2 ®SU2,K®SU2). (Type I) 



Dip = {±(2ei - 62 - 63)} 
Cp scalar on n 

(peX, <\ey.p <> + ii<\ No(>f(\'s |o|2 b'f' 

ei - 62 2ei - 62 - 63 (j), (j) - a 1 1 \ i 



Bisymmetric Triple A.32. (fl2,su2 ©5U2,SU2 ©M). (Type I) 

= {±(62 - 63)} 

Cp scalar on n 
(f) &%i a & Oip (j) + na da^, No of a's 
61-62 62-63 4>, (j)±a 4 1 



j_ 1 
12 6 
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Bisymmetric Triple A.33. (g2,su2 esu2,MeM). (Type II) 

= {±(2ei - 62 - 63)} 

Dip, = {±(62 - 63)} 

Cp. scalar on n, i = 1,2 
1 1 

8 6 
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A.7 es 



In this section we consider the bisymmetric triples of the form (egjSOig, l) and 
(es, e7 © SU2, Q. The root system for es is 

^8 8 

51 = {±ei ±e„l<t<j <8;±- ^(-l)'^»e,, J] z/, even }, (A.16) 

1 1 

where Ci, . . . , es is the canonical basis for M*^. In es there is only one root length 
which is 




(A.17) 



Lemma A.l. Let (p = ^ Ei(-l)'''e, G ^. 

(i) Let Oi = \ ^ string + na is either singular, (p, (p + a or 

4>, (p — a. So either datj, = or 1, respectively. 

We have that cp + a is a root if and only if Vi = ^i, for for two indices ii,i2 G 
{1, . . . , 8} and in this case, (p + a = {—ly^-^Ci-^ + {—ly^^ei^. 
(p — a is a root if and only if Vi ^ fii, for two indices «i, ^2 ^ {1, • • • , 8} and in this 
case, (p — a = (— l)'^"iej^ + {—l^'iCi^. 

(a) Let a' = {—l)^^ej + {—l)^''ek gJI, l<j<k<8. The string cp + na' is either 
singular or (p , (p—a'. (p—a' is a root if and only if a' = {—iy^ej + {—iy''ek, fori < 
J <k<8. In this case, (p - a' = \ {Ya=i {-^Y^f^i + {-If'^^ej + (-l)^'=+^efc)B 

Proof: Consider the roots (p = — ^Ylii'~^)'^'^i- Suppose 

that the string (p + na is not singular. Then, since + na is an uninterrupted 
string either + aor0 — aisa root. We have that 

8 5 

+ « = 2 + (-1)'^)^^ and - a = - ^^((-l)'^^ - {-ir)e.. 

1 1 

By observing the form of the roots in 01 given in flA.18p we conclude that (p + a 
is a root if and only if (—1)''' + (—1)'^' = 0, i.e., Ui = /ij, for two indices ii,i2 G 
{1, . . . , 8}. We observe that this case is possible since Yli ^^nd /ij are even 
with 8 even. We thus obtain (p+a = (— l)'''iejj + (— l)'^'2ej2. Clearly (p+2a is never 
a root. Similarly, — a is a root if and only if (—1)''' — ( — 1)'^' 7^ 0, i.e.,i/j 7^ fii, 
for two indices ii,i2 G {1, . . . , 6} and in this case, (p — a = (— l)^'iej^ + {—ly^-^Ci^. 
The element — 2a is never a root. Once again we observe that this case is 
possible . 

Let a' = i-lpCj + {-ly^Ck G Jl. We have 

^We may choose —a' in which case we obtain (j> + a' instead. 
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1 ^ 

i=l 

This element is a root if and only if fij = i/j and iik = i^k and, in this case, 

i=l 

We observe that — 2a' is never a root. 
□ 

Symmetric Pair A. 10. (esjSOie). 



soi6 {±ei ± ej, 1 < i < j < 8} ^ 

8 8 

X = = ^(-l)''*ei, ^ i^i even } 



"2 1 



SymmetricPairA.il. (e8,e7®su2). 

t7 {±ei±ej,l <i < j < 6; ±{e7 - es); ±^ie7 - es + J2i{-iy'ei),Y,l'^i odd} | 

SU2 {±(67 + 68)} ]^ 



6 6 

Oln = {±ei ±ej,l<i< 6, j = 7, 8; ±-(67 + eg + ^(-l)''*ei), ^ i^. even } 



Bisymmetric Triple A.34. (e8,50i6j502p ® S02(8-p))> 1 < P < 4. (Type /) 

= {±ei ± e^-, 1 < i < + 1 < j < 8} 
Cp scalar on n 

na (ia^ -^0 of a' s jap 6*^ 
sEiCi fij + ej, 1 < i <p, p + 1 < j < 8 (l),(j)-a 1 p(8-p) ^^w^ 
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Bisymmetric Triple A. 35. (es, soie, Us). (Type I) 

^p={±{ei + ej),l<i<8} 
n = ®o,i,2n' 

3^n* =mT,l{-'^Pej :2j odd ly'js}, i = 0,1,2 

a e IR^ (l) + na No of a' s |a|^ b'<' 

lJ2l{-'i-Pej,2i oddi^'js ea + eb, s.t. Va = Vb </',(/'+ (-l)""+ia 1 4^^ - 16i + 28^*) ^ '^^^ 

{*) the number of possible pairs [a, b), where a <b and Va = i^b, since 2i i/j's are odd and 8 — 2i i/j's are even, is 

2i \ _^ f 8-2i 



2 J \ 2 

Ai^ - m + 28. 



Bisymmetric Triple A.36. (eg, tr SU2, e7 M). (Type I) 



3ip ={±(67 + 68)} 

Cp scalar on n 

e CRn aeOi^ (j) + na rf^^ No of a' s \a\'^ h't' 

4-6 67 + 68 0,0- a 1 1 30 60 

i/j even 

Bisymmetric Triple A.37. (es, e.7 ® SU2, ce ® M ® SU2). (Type I) 

CRp = {icj ± 66, 1 < i < 5; ±(67 - 68); ±5(68 - 67 + 65 + YXi~^Y'^i)^Y.\^i '^dd } 

n = ® ® 

3lni {±ei ± 6j : 1 < i < 5, j = 7, 8}, 

3^„2 = {±(66 - 67), ±(66 + 68), ±i(68 + 67 - e^ + YJ'l{-'^Y'■ei),Yl^^ o^d }, 

= {±(^6 + 67), ±(66 - 68), ±5(63 + 67 + 66 + Y.li-'^P <^i) ' El ''i ^Wen } 



n' 






n e 31+ 


+ ))(\ 




No of n'.'; 


\(\ - 






61 + 68 


^(68 - 


61 ± 66, 67 — 68 
67 + 66 + 6i+E2(-l)"*ei). 

even 


4>, (j) — a 


1 


3 
23 


1 

30 


11 

60 




66 - 68 




Ci + cq, i < i < 5 

Gi — ea, i < i < 5 

< 7 — < s 


(j), (j) — a 
4>, 4> + a 

0. + n 


1 


5 

5 

1 


1 

:!0 


11 

60 



ei + ee, i < i < 5 (j), (j) - a 5 

Si - ee, i < i < 5 (j>, (j> + a 5 

66 + 68 67 - 68 0, + a 1 1 MM 

i(68 - 67 + 66 + E?(-l)"^ej, 

■^5 



El t'j odd <i),(j)-a 



Bisymmetric Triple A.38. (es, ® SU2, e6 ® M M). (Type II) 



Dip, ={±(67 + 68)} 

^P2 = {isj ± 66, 1 < i < 5; ±(67 - 68); ±^(e8 - 67 + 66 + Ei(-l)'''ei), YX Vi odd } 
n = 

{±e,±e, : l<i<5, j = 7,8} ii ^ 

{±(66 - 67), ±(66 + 68), ±i(68 + 67 - 66 + El(-l)'''ei),El odd } ^ ^ 

{±(66 + 67), ±(66 - 68), ±5(68 + 67 + 66 + Ei(-l)'''ei), Vi even } ^ ^ 



Bisymmetric Triple A.39. (es, e7 ® sU2,S0i2 SU2 SU2). (Type I) 

Dip ={±i (67-68 + E? (-!)"• ei),E?^^i odd} 
n = 

= {±e, ±ej ■.l<i<, j = 7, 8}, 
3l„2 = {±i(68 + 67 + E?(-l)"'eO, E? ''i even } 
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a e 31^ 



(j) + na darf, No of a' s |ap b'^ 



f(e.-e8 + E?(-l)-e.), I 

2 1 ^8 1 even Vi -r -r ^ ^ 

2(e7-e8 + Ei(-l) 'ei), _ ^ 6 

i odd Vi 



Bisymmetric Triple A.40. (cs, ^^ © sU2,S0i2 © 5U2 © M). fType //j 

= {±i(e7 - eg + E?(-l)"*ei), E? o^^^^ } 

3^P2 =3i(, ={±(67 + 68)} 

n = © 

%^ h\ bt 

{±e,±e,:l<z<,j = 7,8} ^ ^ 

{±i(e8 + e7 + E?(-l)'''ei),E?i^» even } i ^ 



Bisymmetric Triple A. 41. (cs, 67 ® SU2,SU8 ® SU2). (Type I) 

= {±(ei + e,) : 1 < i < j < 6; ±^(67 - 68 + Ei{-l)"'ei)> 3od(ii/,'s} 
n irreducible Ad L-module 



a €01^ 



(f) + na da,), No of a's 



b'>> 



i(e7-e8 + ei+E2(-l)"'e.), 
61+67 3 odd y[s 

ei + ej, j e {2,. ..,6} 



a 



j_ 

30 



Bisymmetric Triple A.42. (es, tr © su2,sus © M). (Type II) 

3lp, = {±(6i + 6j) : 1 < i < i < 6; ±|(e7 - 68 + E?(-l)"*ei), Sorfdz^^s} 

3ip, = {±(67 + 68)} 

n irreducible Ad L-module 




1 j_ 

4 60 
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A. 8 er 



In this Section we study the bisymmetric triples of the form (eyjSUg, [), (e7,50i2© 
SU2, [) and (e7, © M, Q. 
The root system for g = C7 is 

^66 

01 = {±e, ±ej,l<t<j <6; ±(67 - eg); ±-(67 - eg + ^(-l)'''ei), ^ Ui odd }, 

(A.18) 

where ei, . . . , eg is the canonical basis for M^. Throughout all the relations for the 
i/j's are mod2. In 67, all the roots have the same length which is 

|aP = — . (A.19) 

Lemma A.2. Let 4> = \[e^ - eg + Y^^{-\y'ei) G 31. 

(i) Let a = \{ej — eg + ^ ^- string cj) + raa zs either singular, 
(f), (p + a or (j), (f) — a. So either dacf, = or 1, respectively. We have that(j) + a is a 
root if and only if z/j 7^ /Xj, for every i = 1, . . . ,6 and in this case, + a = eg — e7; 
(f) — a is a root if and only if Vi 7^ /ij, for two indices ii, ^2 ^ {1? • • • ? 6} anc? in this 
case, (p- a = (-l)''"iei, + {-lY'^a^. 

(a) Let a' = {—l)^^ej + {—l)^''ek G CR, 1 < j < < 6. The string cp + na' is either 
singular or (p, cp — a' . (p — a' is a root if and only if a' = {—ly^Cj + (— l)'''=ejt, for 
1 <j < k <6. In this case, - a' = i (67 - eg + ^Li {-lY^Ci + {-Ip+^Cj + 

(iii) For a" = e7 — eg G 3^, the string (p + na" is (p, (p — a", with cp — a" = 
-|(e7-eg + E?(-ir"''e.). 

Proof: 3^ is a subsystem of roots of the root system for eg. Hence, we use Lemma 

EH 

For (i) let us consider the roots (p = |(e7 — eg + Ylii^'^Y'^i) = |(e7 — eg + 

^^(— l)'^'ei). Suppose that the string + na is not singular. Since = fij and 
Us = /ig at least two indices satisfy z/j = /Xj. Hence, if for every i G {1, ... ,6}, 
Ui 7^ fii, then + a = eg — e7 is a root; if there is i G {1, . . . , 6}, Ui = fii, then we 
obtain a root 0— a if and only if z/j 7^ /ij for precisely two indices ii, ^2 £ {1, • • • , 6}. 
In this case, — a = (— l)^'iej^ + {—lY'^Ci^- We observe that both conditions on 
indices in {1, ... , 6} are possible since ui and Yl^ f^i ^'^^ 6 is even. 

(ii) and (iii) follow directly from (ii) in Lemma [A. 1[ 
□ 



^We may choose —a' in which case we obtain <j) + a' instead. 
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Symmetric Pair A.12. (e7,soi2 ® SU2). 



5012 {±ei ± Cj, 1 < « < j < 6} I 

1 
9 



SU2 {±(e7 - es)} 



^66 

3l„ = {±-(e7-e8 + ^(-l)'^*ei,^!/i odd} 



Symmetric Pair A.13. (ey.ee ® M). 

6 3lt 



ee {icj ± : 1 < i < j < 5; ±i(e8 - 67 - ee + J2l{-^)'''ei) : X^i z^i even} | 

55 

Din = {±ej ± 66 : 1 < i < 5; ±(67 - es) ± -(67 - eg + ee ^(-l)'''ei), ^ odd } 

^ 1 1 

Symmetric Pair A. 14. (e7,su8,sUp ® sug-p ®M),p=l,...,4. 

sus {±(ej - Cj) : 1 < « < i < 6; ±(67 - e8);±i(e7 - es + X]i(-l)'''ej) : lor5oddi/.s} 

1 ^ 

D?„ = {±(ei + ej) : 1 < i < j < 6; ±-(e7 - eg + V(-l)'^'e,) : 'ioddv[s} 

^ 1 

Bisymmetric Triple A.43. (e7,S0i2 ®su2,S0i2 ® M). (Type I) 

3lp = {±(67 - eg)} 
Cp scalar on n 

f) G Ti„ n G Di+ f) + »n r/„,, Noof(\'s fo'^' 

5(67-68-61X^2^^) 67-68 ^,?;)- a 1 1 TS m 



Bisymmetric Triple A. 44. (e7,S0i2 ® 5U2,U6 ®SU2). (Type I) 

3ip = {±{ei + ej) :l<i<j<6} 
n = ®o,i,2n* 

= {±i(67 - 68 + T,i{-lpej : 2i + l u'-s are odd}, i = 0, 1, 2 

^ e 3i„i a e 3?^ (?i + na da4, No of a' s \a\'^ b'^ 

i^^T?'^.?'^"^^'"'^'' ^"^^'^ <^,<^-(-l)-"a 1 4i2-8i + 10W 
2i + l v'-s odd i^a = n 

{*) the number of possible pairs (a, b), where b and Va = ^bi since 2i + l Uj's are odd, is 

2i + l^ , r6-(2^ + l)^^4^2_s^^,o. 
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Bisymmetric Triple A. 45. (07,5012 0SU2,U6 0M). (Type II) 

= {±(e, + ej) : 1 < i < j < 6} 
= = {±(67 - eg)} 
n = 00,1:2"* 

^n^ ht bt 

{±i(e7 - eg + E?(-l)"^ej : 2i + 1 i/js are odd}^*^ 21^+5 i_ 



{*) i = 0, 1,2 as in rOl 

Bisymmetric Triple A. 46. (07, SO12 SU2, sOp S0i2-p SU2), p = 2, 4, 6. (Type I) 



3ip = {±e, ± ej : 1 < i < p/2, p/2 + 1 < j < 6} 
Cp scalar on n 

e ae3?^ + No of a' s |ap 6"^ 

P(12-p) J_ P(12-p) 

4 18 144 



Bisymmetric Triple A. 47. (67, SO12 SU2, sOp S0i2-p M), p = 2, 4, 6. (Type II) 
3?pi = {±e, ± : 1 < i < p/2, p/2 + 1 < j < 6} 

3?p, = {±(67 - 68)} 



i = 


1,2 


ht 


"2 


1 


p(12-p) 


36 


144 
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Bisymmetric Triple A.48. {tr, ee ® R,soio G M e M). (Type I) 

= {^U^7 ~ es - ea +J2l{-iy'ei,J2liyi even} 
n = e e 

3l„i = = {±ei ± ee : 1 < i < 5}, 

3^n2 = {±^(67 - es + e6 + Y,l{-iy'^ei),J2liyiodd} 

3^„3 = {±(67 - eg)} 

n' 0e3^n> aeJi^ (j) + na dad, No of a' s \a\^ 6"^ 

ei - ee 5(67 - eg - ee + ei + X]2(~l)'''ei), '^i et;en (j),(j)-a 1 2^ 1 



1(67 - eg + ee - 65 + e^) 



67 - eg 



eg - ee + 65 - J2i ^i) 

- ee + El ei) 
|(e7 - eg - ee - es + YXi-'^Y'ei), one odd Vi 

all 



4> + a 
(p — a 

<p — a 
6 — a 



18 



18 



Bisymmetric Triple A.49. (e7, ee ® M,sue ® SU2 © M). (Type /j 



= {±(ei + e,) : 1 < i < i < 5; ±i(e8 - 67 - ee + E?(-l)"*ei)> ^^i^ orfrf} 



IRni = {±(e» - ea) : 1 < i < 5; ±(67 - eg);±i(e8 - 67 - ee + Ei(-l)'''ei), lorhv'^sodd} 
3l„2 = {±{ei + ee) : 1 < i < 5; ±i(eg - 67 - ee + Ei(-l)"*ei),3!y,'sodrf} 

e 3lni a e 3?,^ + na da<p No of a's \a\^ 



er - eg i(eg - 67 - ee + Ei(-l)''*ei), 2 odd f-s 4>,4>-a 1 ( 2 ) 1^ ^ 

2 ei — ej, i<i<5 i^, — a 4 12 

" i(eg-e7-ee-ei+E2(-l)"*ei), 1 oddzvi <i>,(l) + a 4 ^9 



Bisymmetric Triple A.50. (e7,su8,sup © sus-p ® M), p = 1, . . . ,4. (Type I) 



% = {±{ei -ej) ■.l<i<j < porp+1 <i<j<6] ±(67 - eg); ±|(e7 - eg + + Z]p+i(-l)''*ei) : lodduf, 

±5(e7-e8-E?ei + Ep+i(-l)"-e,) : (5 - orfdi/,'s} 
= {±{ei -ej):l<i<p,p+l<j <6; ±^67 - eg + E?(-l)"^ei + E^+i e,) : 1 odduf, ±^{er - eg + E?(-l)''*ei - Ep+i e^) : (p - 1) orfdz/.'s} 



to p=2 



3ip = {±(ei - Cj) : 2 < J < 6; ±i(e7 -68 + 61-^2 ^i); ±|(e7 -68-61+^2 ^i)} 
n irreducible Ad L-module 

^ e 3i„i a e 31^ (j!) + na do,^ No of a' s [ap 6'^ 

61 + 62 ei-ej,3<j<6^,^-a 1 4 ^ i 



5ip = {±{ei - 6,0 : 1 < i < 2, 3 < j < 6; ±^(67 - 68 + Ei(-l)"' ± E3 Si) : 1 oddi^i} 
n = e 

3l„i = {±(ei +62); ±(ei + 6j) : 3< i < j < 6; ±i(e7 - 68 - 61 - 62 + E3(-l)''*ei) : 1 orfdz/^; ±i(e7 - eg + d + 62 + E3(-l)''*ei) : 3orfdz/J 
3l„2 = {±{ei + 6,) : 4 < i < i < 6; ±i(e7 - eg ± E? 6^ T E4 e^)} 

^!>e3?„i a e 3?;^" ^ + na No of a' s |ap 6"^ 



ri"^ 61 + 62 6i — Cj, i = 1, 2, 3 < j < 6 0,0 — a 1 8 ^ | 

61 - ej, 3 < j < 6 0, 0- a 4 

„2 , , , 62 - 66 0, ^ + Q, 1 ^ 

ei + 66 l(g^_gg + g^_g2^^6g.) 1 18 6 

i(e7-6g-ei+e2-E3ei) 0, "A + a 1 



p=3 



= {±(e, - e,) : 1 < i < 3, 4 < j < 6;±i(e7 - 68 + E?(-l)"'ei + Yl^i) : 1 oddVi-±\{e^ - eg + Ei(-l)"'ei " Tl^i) ■ ^oddiy'^s} 
n = e 

= {±{ei + ej) : 1 < i < j < 3orl < i < 3, A < j < 6; ±^{€7 - es + Ci + J^li-l)"' ei) : 2 odd ^.[s and I odd Vi; 

±i(e7 - 68 + E?(-l)''*ei + E3(-l)'''ei) : lodd n[s and2oddvi} 
3?„2 = {±(ei + ej) : 4 < i < J < 6; ±^(67 - eg ± E? Si T E4 Si)} 



(j!)e3l„i ae3l^ (j) + na d^^, No of a' s \a\'^ 6"^ 



fii - 


- Bj, 1 = 1,2, j = 4,5,6 


(j), (j) — a 




6 




61 + 62 1(67- 


68 + 61 + 62 - 63 + E4 6i) 


(j), (j) — a 


1 


1 


1 2 

18 9 


^67- 


68 - 61 - 62 + 63 - E4 6i) 


4>, 4' + a 




1 




- 


- ej, i = 1,2,3, j = 4,6 


(j), (j) — a 




6 




64 + 66 1(67 - 68 H 


hE?(-l)"'ei + E4 6^,1 odd J/, 


(j), (j) — a 


1 


3 


1 1 
18 3 


^(67 - 68 + 


■E?(-l)'^'ei-E4ei),2oddi/,'s 


(j), + a 




3 





P=4 

Oip = {±(6, - 6,) : 1 < z < 4, 5 < j < 6; ±^(67 - 63 + Et(-1)"*6, + E5 e.) : 1 oddui;±^{er - es + El(-l)"'6i - E5 ei) : 3oddi/^s} 
n = e e 

= {±(e, + ej) : 1 <«<,?< 4; ±^(67 - 68 + El(-l)'''6i ± 65 + eg) : 2oddv[8} 

3?„2 ={±(65 + 66)} 

3^„2 = {±(6i + 6j) : 1 < «< 4, 5 < j < 6;±i(67 - 68 - 66 - 65 + Et(-l)'''6i) : 1 odd z^^; ± i (67 - 63 + 66 + 65 + Et (-l)'''6i) : 3oddz^,'s} 



6e%,' neJlj 6+n(\ d,,., No of a' m |n|2 



ei + 62 


W7 


6i - 6j, i = 1,2, j = 5,6 

- es + eg + 65 T e4 ± 63 + 63 + ei) 

- es - 66 - 65 =F e4 ± 63 - 62 - ei) 


(j), (j) — a 

(j), (j) — a 1 

(f), <p + a 


4 

2 
2 


1 

18 


2 
9 


65 + 66 


1(67- 
1(67- 


6j - 6j, i = 1,2,3,4, j = 5, 6 

68 + 66 + 65 + Yj\{-'^Y^(^i)AoddVi 
68 - 66 - 65 + X^f(-l)'''6j),3orfdt'-S 


(j), + a 

(j), (j) — a 1 

(A, <A + Q; 


8 
4 
4 


1 

18 


4 
9 


61 + 66 


5(67 - es 
^(67- eg 


ei - 66, i = 1,2,3,4 

61 - 65 

+ 66 + 65 + 61 + Xl2(~l)'''6i), 1 Oddfj 

- 66 - 65 - 61 + X;2(-l)''*6i),2oddf^s 


(?i + a 

4>, 4> — a ^ 
(j), (j) — a 
(p, (f) + a 


1 

4 
3 
3 


1 

18 


11 
36 



A. 9 ee 



In this Section we consider the bisymmetric triples of the form {cq,sOio © M, [) 
and (e6,su6 © SU2, Q. 

If ei, . . . , eg is the canonical basis for M®, we can write the root system for ee as 
follows: 



55 

Jl = {±ei ± Cj : 1 < i < j < 5; ±-(e8 - 67 - ee + '^{-lY'ei) : ^ Ui is even}. 



"2 

1 



Throughout, all the relations for the z/j's are mod 2. 

We recall that on Ce there is only one root length which is 

l«P = ^ (A.20) 
Lemma A.3. Let (j) = ^cg - 67 - ee T.li-'^T'^i) ^ ^■ 

(i) Let a = ^(eg — 67 — ee Ylii~^)^'^i) ^ string + na zs either singular 
or (f), (f) — a. So either d^^ = or 1, respectively. We have that cf) — a is a 
root if and only if Vi 7^ /ij, for two indices 11,12 G {1, ... ,5} and in this case, 

(a) Let a' = (— l)^Jej + (— l)^'=e,fc G 31, 1 < j < < 5. The string (j) + na' is either 
singular or (p, — a' . (p — a' is a root if and only if a' = {—ly^Cj + {—lY'^Ck, for 
l<j<k<5. In this case, (p-a' = l{es-e7-eQj2i=i {-iy'ei + {-ly^+^ej + 

Proof: 3^ is a subsystem of roots of the root system for eg and thus we use Lemma 
lA.li For (i), since z/j = /ij, for i = 6,7, 8, the case that Ui = Hi for precisely two 
indices in {1, ... , 8} never happens. Hence, (p+a is never a root. If z/j 7^ yUj for two 
indices ii, ^2 G {1, • • • , 5}, then — a is a root and (p — a = (— l)'^'iej^ + {—ly^^ei^. 
This case may happen since Yli ^^id Y^i f^i ^-re even with 5 odd. 

(ii) follows directly from (ii) in Lemma lA.ll 
□ 

Symmetric Pair A. 15. (e6,soio ® K)- 

e % 7 



soio {±ei ± ej : 1 < i < j < 5} | 

Jin = {±;^(e8 - ej - ee + ^(-l)'^'ej) : ^v^is even'^*^ 
^ 1 1 

(*) there are either 0, 2 or A negative signs. 



■^We may choose —a' in which case we obtain (j) + a' instead. 
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Symmetric Pair A. 16. (ee, sue © SU2). 

sue {±{ei-ej) ■.l<i<j<5;±^{e8 -67-66 + J2l{-^Pei):'i odd ly'iS} \ 
SU2 {±i(e8-e7-e6 + Eiei)} \ 

1 ^ 

3ln = {±(ei + Cj) : 1 < i < j < 5; ±-(e8 - 67 - eg + ^(-l)''-ei) -.loddv^s] 



Bisymmetric Triple A.51. (e6,50io ® M,U5 © K). {Typ6 I) 



!Rp = {±(e, + ej) : 1 < i < j < 5} 
n = n° ® © n* 







^n" = {±^(^8 - 67 - ee + EJ 6;)}: 
3l„2 = {±1(68 - 67 - 66 + El(-1)"'6,) 
3i„4 = {±1(68 - 67 - 66 + E?(-l)"'6.) 


: 2oddv[s\^ 
: Aoddv[s} 














4> + na 


datp 


No of a' s 


|a|2 






1 (eg - 67 - 66 + El ^i) 


(j), (j) — a 


1 




1 5 
12 12 






, v^5 X 61+62 

_e7- 66-61 -62 + E3ei) e, + Bj , 3 < i < j < 5 


0, (/» + a 
(j), (f> — a 


1 


1 
3 


1 1 
12 6 






cs- er- 66 + 65- El 6i) ei + ej, 1 < z < j < 4 


(j), + a 


1 


it) 


1 1 
12 4 



Bisymmetric Triple A.52. (ee, soio © K, sOp © soio-p ® K), p = 2, 4. (Type I) 



\ = {±ei ±ej ■.l<i< p/2, p/2 + 1< j < 5} 
Cp scalar on n 

na da<j, No ofa's |ap 6"^ 

2^68 67 66 + 2^11, ij e,j 1 < i < p/2, p/2 + 1 < j < 5 'P^'P ^ ^ 4 12 96 

Bisymmetric Triple A.53. (e6,su6 ©SU2,SU6 ©K). (Type I) 



Cp scalar on n 

G 3i„ a e + da,^ No ofa's jap fo*^ 

i(e8 - 67 - 66 - 65 - 64 + X;iei) 5 (68 - 67 - 66 + X^l «») </>, </'-al 1 ^ li 



Bisymmetric Triple A. 54. (ee, sue su2,sup © sue-p ® K ® SU2), P= 1,2,3. (Type I) 

% = {±(e, - e,) : 1 < i < 6 - p, 7 - p < j < 5; ±^(68 - 67 - 66 - E?-p + iT^-^Y^ei) : (5 - p) oddu^s} 
n = © n^, for p = 2, 3 and n irreducible Ad L-module for p = 1 

},4> 



p=l 



" 24 
r,2 P 



= {±(6, - 6,) : 1 < i < j < 5} 

= ^t, = {±5(68 - 67 - 66 + ei)} 

3?p = {±^(68 - 67 - 66 + E?(-l)"*ei) : 4odrf!/|s} 
n irreducible Ad L-module 

eOln a €51^ (j) + na da,j, No of a' s |ap b"^ 



ei + 62 5(68 - 67 - 66 - 61 - 62 + Ei(-l)''*ei), 2 orfdf-s 4>,4>-a 



12 



p=2 

D^ti = {±(6i - Gj) : 1 < I < j < 4; ±5(68 - 67 - 66 + 65 - Ei ej)} 
^[2 = {±i(e8 - 67 - 66 + El ej)} 

Dip = {±(6i - 65) : 1 < i < 4; ±i(68 - 67 - 66 - 65 + Et(-l)"*ei) : Zoddv[s} 
D^„i = {±(6i + 6j) : 1 < i < i < 4;±i(68 - 67 - 66 + 65 + E1(-1)"'>«) : 2o(i(ii/,'s} 
3i„2 = {±(6^ + 65) : 1 < i < 4; ±1(68 -67- 66 - 65 + Et(-l)'''ei) : loddui} 















(l) + na da4, 


No ofa's 


|a|2 






61 + 62 


5(68 - 67 


Gj - 65, i = 1,2 

- 66 - 65 ± 63 =F 64 - 


61 - 


-62) 


(j),(l)-a ^ 
(j), + a 


2 
2 


1 

12 


1 

6 




61 + 65 


1(68 - 67 - 66 


- 65, i = 2,3,4 
-e5 + E2(-irei- 


ei). 


2 oddv[s 


(j), 4> + a 1 


3 
3 


1 

12 


1 

4 



p=3 



%^ = {±{ei - Gj) : 1 < z < j < 3; ±(64 - 65); ±i(e8 - 67 - ee ± 65 =F 64 - X^i Cj)} 
3^l2 = {±^68 - 67 - 66 + Yli ei)} 

3lp = {±(ei - Bj) : i = 1,2,3, j = 4,5; ±i(e8 - 67 - ee - 65 - 64 + Yl\{~^Y"^i) '■ exactly 2 odd v[s} 
3i„i = {±(ei + ej) : 1 < i < i < 3or 1 < i < 3, j = 4,5; ±i(e8 - 67 - ee + 65 + 64 + E?(-l)'''ej) : 2oddv[s; 

±i(e8 - 67 - 66 ± 65 =F 64 + X]i(-l)'''ej) : loddvi] 

3i„2 = {±(64 + 65); ±i(68 - 67 - 66 - 65 - 64 + Cj)} 



(^i + na No of a' s |ap 6"''' 



n 61 + 62 



ej, i = l,2,i = 4,5 

- 67 - 66 - 65 - 64 + 63 - 62 - ei) 



(p — a 



12 24 



64 + 65 



1,2,3,,? =4,5 



- 67 - 66 - 65 - e4+J2i{-^T"ei), 2 odditis 



J_ 9_ 

12 24 



CO 



Bisymmetric Triple A. 55. (ee, sue SU2, sUp ® sug-p ® M e M), p= 1,2,3. (Type II) 

3lp = {±(e, - ej ) : 1 < i < 6 - p, 7 - p < J < 5; 

±i(e8-e7-e6-X;7-pe^ + X;i~''(-l)'''ei) : (5 - p) oddf.'s} 

%2 = {±^68 - 67 - 66 + I]i 6t)} 

decomposition of n as m 1^4. 



6^ 



p+2 J_ 

24 24 

£ J_ 

8 24 
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Notation List 



Common notation: 
Ag Conjugation by g & G in a, Lie group G 

Adg Adjoint action of e G in the Lie algebra of a Lie group G 
adx Adjoint linear map of X G g 
Kill the Killing form of a Lie algebra Q 
B = -Kill 

Cv the Casimir operator of a subspace F of a Lie algebra q with respect to the 
Killing form of 

cv,u the eigenvalue of a Casimir operator Cy on a subspace U 

R the curvature of a Riemannian metric 

Ric the Ricci curvature of a Riemannian metric 

K the sectional curvature of a Riemannian metric 

h* (g) the dual Coxeter number of a Lie algebra Q 

"Ji the system of roots of a Lie algebra Q 

JIk the system of restricted roots to a subgroup of maximal rank K 

the subset of positive roots of a set of roots S 
g'^ the complexification of a Lie algebra g 
V'^ the complexification of a vector space V 
idy the identity map of a vector space V 
Oy the null map of a vector space V 

Notation for homogeneous fibrations: 

G compact connected semisimple Lie group 

K, L compact closed non-trivial subgroups of G such that L <^ K ^ G 

g, i, i the Lie algebras of G, K and L 

M^G/L 

N^G/K 

F = K/L 
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qm an adapted metric metric on M with respect to a fibration F ^ M ^ N 

qn the projection of an adapted metric qm onto the base space as above 

qf the restriction of an adapted metric qm to the fiber space F as above 

n Ad X-invariant complement of t on g 

p Ad L- invariant complement of [ on 6 

m = p ® n Ad L- invariant complement of [ on g 

n = Ui ® . . . n„ decomposition of n into pairwise inequivalent irreducible Ad K- 
submodules 

n = © . . . n"' decomposition of n into pairwise inequivalent irreducible Ad L- 
submodules 

P = pi © . . .ps decomposition of p into pairwise inequivalent irreducible AdL- 
submodules 

Cg, Cj, C[ the Casimir operator of 0, t and [, respectively 
Cp^ the Casimir operator of pa, a = I, ■ ■ ■ , s 
the Casimir operator of Uj, i = 1, . . . , n 
C[,a the eigenvalue of C[ on pa, a = 1, . . . , s 
cip the eigenvalue of C[ on p, when p is Ao? L-irreducible 
C{^j the eigenvalue of on Uj, i = 1, . . . , n 
ce,n the eigenvalue of on n, when n is Ad X-irreducible 
Cn^^a the constant defined by Kill{Cn,-, •) |p„xp<,= Cr^,aKill |p„xpa, a=l,...,s 
7a the constant defined by Kilk |p„xpa= laKill |p„xpa 

7 the constant defined by Kill^ \pxp— ^Kill |pxp, when p is ^4^ L-irreducible 

6^ the eigenvalue of Cp^ on rij, i = 1, . . . , n, when this eigenvalue exists ( the 
indices arc dropped in the case of irreducibility as above) 

6^ the constant defined by 6f = BiCp^X^, X_<^) = Kill{CpcErj,, E^^f,) for a root 0; 
for e CRn, it represents an eigenvalue of Cp^ on n 
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